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0. INTRODUCTION

It follows from the work of Gromov, Jergensen and Thurston (see [3]) that the real numbers
which arise as volumes of hyperbolic 3-manifolds form a well-ordered set. It is not known at
present which closed 3-manifold has the minimal volume (or whether such a manifold is
unique). The techniques developed in the series of papers [6-9, 1], bear on this question
since they give volume estimates which depend on topological properties of the manifold. If
a certain topological hypothesis can be shown to imply a volume bound that exceeds the
volume of a known manifold, one obtains topological information about any minimal
volume manifold. The first estimates to have interesting qualitative consequences of this
sort appeared in [1]. In the present paper we prove the following result.

THEOREM A. If M is a closed orientable hyperbolic 3-manifold of minimal volume then the
first Betti number of M is at most 2.

[n fact, we will prove a stronger result than Theorem A. Recall that a torsion free
Kleinian group I' is said to be topologically tame if the corresponding covering space of M is
homeomorphic to the interior of a compact 3-manifold with (possibly empty) boundary. It
is a conjecture of Marden’s that every finitely generated Kleinian group without torsion is
topologically tame. As our main theorem we will prove:

TueoreM B. Let M = H3/T be a closed orientable 3-manifold of minimal volume. Either
I' = n,(M) has a 2-generator subgroup of finite index or there is a 2-generator subgroup of
I" which is not topologically tame.

Theorem A follows from Theorem B by virtue of [6, Proposition 10.2], which implies
that if the first Betti number of M is at least 3 then every 2-generator subgroup of I' = 7,(M)
is of infinite index and topologically tame.

According to [15], the arithmetic 3-manifold obtained by (— 5/1, — 5/2) Dehn surgery
on the Whitehead link has volume 0.94270 ... . Thus Theorem B follows from the following
result, which will be proved in the body of the paper.

THEOREM 1.1. Let M = H*/T be a closed orientable hyperbolic 3-manifold such that every
2-generator subgroup of T = (M) is topologically tame and of infinite index. Then the
volume of M exceeds 0.94689.
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Theorem 1.1 is a refinement of a result proved in [6] which under the same hypotheses
gives a lower bound of 0.92 for the volume of M. In order to explain how we refine the
arguments of [6] in this paper, we must first review them. The basic setting may be
described in terms of the “displacement cylinder” Z,(X) = H?* that is associated to a cyclic
group X of loxodromic isometries of H* and a positive number A. By definition, Z;(X)
consists of all points z e H? such that d(z, ¢-z) < A for some element ¢ # 1 of X, where
d denotes hyperbolic distance. The main theorem of [6], the “log 3 theorem,” which was
later generalized in [1], asserts that if £ and # are non-commuting orientation-preserving
isometries of H* that generate a purely loxodromic discrete group which is topologically
tame but not co-compact, then for any point z € H* we have

max(d(z, & 2),d(z, n2)) = log 3.

From this it is easy to deduce that if M = H*/T" is a compact hyperbolic 3-manifold and if
all 2-generator subgroups of I" are topologically tame and of infinite index then the sets of
the form Z,,,3(X) , where X ranges over the maximal cyclic subgroups of I', are pairwise
disjoint; in particular these sets cannot cover H>. If z is any point of H* — {JZ,,,3(X) then
the ball of radius 3(log 3) about z embeds in M. From the existence of a ball of radius
1(log 3) in M, the volume estimate can be deduced via sphere-packing estimates.

The starting point for the proof of the log 3 theorem is a topological argument which
shows that the group F = (&, n) is free on the generators ¢ and . The free group has
a “Banach-Tarski” decomposition

F=Jd1J,11J,.11J,- {1}

where J; consists of all reduced words beginning with the letter £, and the other terms are
defined similarly. This decomposition leads to a decomposition

H=Vet Vy+ Ve-t + V1

of a Patterson—Sullivan measure on the limit set A of F. (The definition of the Patter-
son-Sullivan measure depends on identifying H* conformally with a ball in R* and hence
on the choice of a center point; we take the center to be the point z that appears in the
statement of the log 3 theorem.)

Let L denote the common perpendicular to the axes of £ and #. An elementary argument
shows that the quantities d(z, £ z) and d(z, n- z) cannot increase when z is replaced by its
projection to L. Thus one can assume without loss of generality that z € L. This implies that
the total masses |v¢| and |v.-1| are equal. Since |ve| + [ve-1| + |vy| + |vy-1] = |u| = 1, one
can assume by symmetry that | v,| < 1/4. The group-theoretical identity ¢~ e=F —Jg
then implies that

3
jz’t‘é—'dvé=1—|vall= R C{ES:

where 1.-1 is the conformal expansion factor of ¢™' and § is the critical exponent of the
Poincaré series of F. The function 4,-1: S, — R™ turns out to be a monotonically decreas-
ing function of the spherical distance from the “pole” P,-: of ¢ !, which is defined to be the
endpoint of the ray in H* which begins at z and passes through the point ¢- z. To prove the
log 3 theorem one first proves a variant of the statement, in which the assumption that F is
topologically tame is replaced by the assumption that u is the ordinary area measure on the
sphere at infinity S, (so that in particular A = S_). In this case we have é = 2. Furthermore,
using the monotonic behavior of .-+ and the fact that v; is bounded above by the area
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measure A, it is not hard to show that the expression jig—n dv; is bounded above by
jcrj A3-1dA, where C,-: is a spherical cap of area |v;|, centered at Pe-1. Thus

3
ALidaz= .
J‘cc., ¢ 4

If the integral above is modified by replacing the cap C;- by a larger cap of area ; then it
can be evaluated in closed form; the result allows one to deduce from the inequality above
that the displacement of the point z under &~ ! is at least log 3. This gives the conclusion of
the log 3 theorem under the assumption that u is the area measure.

To complete the proof of the log 3 theorem one must replace this assumption by the
assumption that F is topologically tame. If F is topologically tame but not geometrically
finite, it is a result of Canary’s that F has a property, called analytic tameness, which implies
that the area measure is in fact the unique Sullivan—Patterson measure. The case where
F = (&, n) is geometrically finite requires additional work. The pairs (¢, 1) such that <¢, )
is discrete, free of rank 2, purely loxodromic and geometrically finite form an open set
V < PSL,(C) x PSL,(C). The function (¢, ) — max(d(z, ¢-2), d(z, - z)) is easily seen to
have no local minimum on V; hence if the conclusion of the log 3 theorem fails for some pair
in V, it also fails for some pair lying in the boundary B of V in PSL,(C) x PSL,(C). It is
shown in [6], and generalized in [1], that B, which consists of pairs (£, #) such that <&, ) is
discrete and free of rank 2, has a dense subset consisting of pairs (£, ) such that (&, ) is also
purely loxodromic and analytically tame; by continuity it follows that the conclusion of the
log 3 theorem holds when (&, ) € B, and hence when (&, n)e V.

Many of these steps need to be refined in order to prove Theorem 1.1. First of all, the
lower bound for vol M given by Theorem 1.1 is not derived in all cases from a lower bound
on the volume of a ball in M. Instead, we show, for certain constants g, and A,, that
M contains either a ball of radius 3(log 3 + ¢,) or a closed geodesic of length > A,. In the
first case, we use a sphere-packing argument to obtain the lower bound for vol M. In the
case where M contains a closed geodesic C of length < 4,, we use results from [1] to obtain
a lower bound on the volume of a certain tube about the geodesic C.

This volume estimate given in [1] depends on the hypothesis that 2-generator sub-
groups of I' are topologically tame and of infinite index. The 2-generator groups that come
up here are of the form (y, 5> where y is a representative of the conjugacy class correspond-
ing to C and ¢ is an arbitrary element which does not commute with y. The estimate is based
on a stronger version of the log 3 theorem which asserts that if ¢ and # generate a non-
cocompact topologically tame group then

1 1 1
1+ ed(z.é'zi + 1+ ed(z,n‘zl < 5

for any z € H®. Combining the above inequality with a little hyperbolic trigonometry one
obtains a lower bound for the distance between the axis A, and §- 4,, and therefore for the
radius, and the volume, of a tube about C.

Assume, then, that M contains neither a “big” ball (of radius > 3(log 3 + &)) nor
a “short” geodesic (of length < A,). The assumption that M contains no big ball implies, by
the argument that was reviewed above, that the displacement cylinders Z,(X), where
A =log 3 + & and X ranges over the maximal cyclic subgroups of I', form a covering of H?.
By a largely topological argument which is given in Section 2, we can then conclude that
there are four distinct maximal cyclic subgroups X; (:=0,1,2,3) of T such that
No <i<3Z{X;) # 0. Let z be a point of this intersection, and for i = 0, 1, 2, 3, let &, be an
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element of X; such that d(z, {;- z) < 4. Then for any two distinct elements i, j of {0, 1, 2, 3},
the elements ¢; and ¢; fail to commute. Since by the hypotheses of Theorem 1.1 (¢;, £, is
topologically tame but not co-compact we may apply the log 3 theorem to ¢; and ¢&;. If for
some i and j we knew that d(z, ¢;- z), d(z, {;- z) < log 3, we would have a contradiction to the
log 3 theorem. What we actually know, for any distinct i and j, is that d(z, &;- z), d(z, £;- 2)
< log 3 + & This allows us to apply a refined version of the log 3 theorem, which is proved
in this paper as Theorem 4.1 (and is quite distinct from the version proved in [6] ); Theorem
4.1 gives restrictions on the angles £ (¢2'-z, z, ' - z) that must hold if d(z, &;-z), d(z, &; - 2)
< A, where A is somewhat greater than log 3. Actually Theorem 4.1 also requires as
hypotheses certain lower bounds for the translation lengths of the elements ¢F!¢F; in the
application, these are satisfied according to our assumption that M contains no short
geodesics. The latter assumption also gives lower bounds for the angles / (¢;-z,z, &7 1 2)
fori=0,1,2 3.

The rays starting from z and passing through the eight points &7 -z define eight points
on S, and the restrictions on the angles between these rays may be read as restrictions on
the spherical distances between these points. We prove an elementary theorem about the
2-sphere, Theorem 5.1, which shows that these conditions are incompatible; this completes
the proof of Theorem 1.1.

The proof of Theorem 1.1, like that of the log 3 theorem, involves a reduction to the case
where the point z lies on the common perpendicular to the axes of the two given hyperbolic
isometries. However, this reduction is quite complicated in the case of Theorem 1.1. If £ and
n are hyperbolic isometries satisfying the hypotheses of the log 3 theorem, and if z is on the
common perpendicular L to the axes of £ and # such that d(z, £ - z) and d(z, - z) are less than
/4, Theorem 3.1 gives a lower bound for the angle / (¢-z, z, n-z). This relatively simple
statement does not generalize in the obvious way to the case where z¢ L, because replacing
z by its perpendicular projection to L may well increase the angle in question. This is why
the counterpart of Theorem 3.1 in the general case is the much more technical Theorem 4.1,
which involves a complicated expression in the two angles /(¢-z,z,7°z) and
L(E7 2, z,7n7 ' 2) and must be deduced from Theorem 3.1 by an elaborate calculation
involving hyperbolic trigonometry and hard differential calculus.

Still, the heart of the matter is Theorem 3.1, and its proof is a refinement of the case z € L
of the proof of the log 3 theorem. As in the latter proof, one first considers the case in
which the area measure is a Patterson measure. Reasoning by contradiction, we assume
that /(&-z,z,n-z) is small, we must obtain a contradiction by showing that
max{d(z, £ z), d(z, n-z)) = A, which is an improvement over the conclusion of the log 3
theorem. We will use the notation introduced above in the sketch of the proof of the log 3
theorem. Recall that |v,| + |v,| = 3; an examination of the sketch of the proof given above
shows that a straightforward improvement is possible except in the case where |v¢| and | v,|
are both close to ;. For the purpose of this outline of the argument, we therefore focus on
the case where |v| = |v,] =% . In this case, we can make an improvement over the
inequality

J Vv < f 2 dA ¥
Cé‘l

which was used in the proof of the log 3 theorem. What makes the improvement possible
is that the pole P,-: of ™' is close to P;-1 on S,, the spherical distance being equal
to £(¢z,2z,n-2) ; this gives a lower bound, say 2I, for the area of Cy-1nC,-1, where
C,-+ of course denotes the spherical cap of area |v,| centered at P,. Using that v, + v,
is bounded above by the area measure, we conclude, after interchanging & and g if
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necessary, that
ve(Ce1) S A(Ce1) = 3A(Ce N Cprt) < vel — 1.

This permits us to replace the inequality (*) by one of the form

J 2dA s jxg. v,
CquUR

where C, and R are, respectively, a disk centered at P,-: and an annulus disjoint from C;-1,
and A(CouUR)=|ve|. This leads to the desired improvement over the inequality
max(d(z, £-z),d(z, 1 2)) = log 3.

Replacing the hypothesis that the area measure is a Patterson measure by the hy-
pothesis of tameness is achieved by essentially the same technique as in the proof of
the log 3 theorem, but more work is required in the geometrically finite case in the
step where a pair (£, #) € V is replaced by a pair in V, in order to preserve the condition
ze L.

The paper is organized according to the following plan. In Section 1 we deduce the main
theorem from Proposition 2.5, Proposition 5.1 and a special case of Theorem 4.1 which is
somewhat less technical and is stated as Corollary 4.9. Sections 2, 4, and 5 are devoted to
these results. In Section 3 we prove Theorem 3.1, the key case of Theorem 4.1 in which
the point z lies on the common perpendicular to the two axes. To maintain the flow of
the argument we have relegated to appendices three technical results that are needed
along the way but have self-contained proofs. The appendices are indexed by letters, so
e.g. Lemma Al is a reference to the first lemma in Appendix A.

Throughout the paper there are times when we need approximate values of certain real
constants. We will give these values as decimal numbers followed by ellipses, so 1.234 ...
denotes a real number in the interval [1.234, 1.235).

We will be making computations in spherical geometry which will involve the following
conventions and notation. We shall think of $? as the unit sphere in R®. Any point P e §?
may be written in the form (cosfcos4,sinfcos4,sind) with —m/2 <A< n/2 and
0 < 0 < 2n. The latitude 4 = A(P) is uniquely determined by P; we have A(P) = n/2 — ¢(P),
where ¢(P) is the polar angle. The longitude 6 = 8(P) is uniquely determined unless P is one
of the poles N =(0,0,1) or § = (0,0, — 1).

We shall denote by #: $*\{N, S} — S! the projection map defined by

£ (P) = (cos 8(P), sin (P)).

For any two points P, Q € S*\{N, S} we shall let @(P, Q) denote the circular distance
between /(P) and £(Q). Thus O(P, Q) is the absolute value of the unique element of the
interval (— m, 7] which is congruent to 8(P) — 6(Q) modulo 2x. Note that #: S*\{N, S} - S?
and © : (S*\ {N, §}) x (S>\{N, S}) - [0, n] are continuous although 6: S*\ {N, S} - [0, 2m)
1s not.

A meridian in S? is the closure of a fiber of the map #. Two points P, P’ §? lie on
a common meridian if and only if either (i) P or P’ is a pole or (ii) P, P'€ S* — {N, S} and
L(P)y={(P).

We will use the notation dist,(P, Q) for the spherical distance between two points P and

Q of S%. To minimize confusion when we are working on the sphere at infinity of hyperbolic
space, we will write dist,(x, y) for the distance between two points x and y of the hyperbolic
3-space H®. We will use the notation Isom (H?) to denote the group of orientation
preserving isometries of H?3.
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If 4, B and C are points in H® with A # B # C, we denote the angle between the lines BA
and BCby / (A, B, C). If T"is a group, we shall write H < I to indicate that H is a subgroup
of I'. We shall use <x,, ..., x,> to denote the subgroup generated by elements x;, ..., x,
of I.

1. PROOF OF THE MAIN THEOREM

In this section we give a derivation of the main estimate of the paper. The argument
depends on results which are proved in later sections of the paper. We shall state these
results as they are needed in the course of the argument.

THEOREM 1.1. Let M = H3/T be a closed orientable hyperbolic 3-manifold such that every
2-generator subgroup of I’ = n(M) is topologically tame and of infinite index. Then the
volume of M exceeds 0.94689.

Proof. The group T < Isom,(H?) is discrete, torsion-free, co-compact and, conse-
quently, purely loxodromic.
The proof uses four carefully chosen constants. We set

Bo=051m, &, = 00065 i, =100485, J,=0.71497x.

It follows from [ 1, Corollary 7.3, Proposition 8.1 and Lemma 10.3] that if every 2-generator
subgroup of n;(M) =T has infinite index and is topologically tame, and if M contains
a non-trivial closed geodesic whose length is less than some given positive number 4, then
the volume of M is at least

V(i) =

A e? + 2+ 5 A
e’ — 1\ 2(cosh $)(e* + 3) 27

We have V(Jy) = 0.94689 .... Thus the conclusion of Theorem 1.1 is certainly true if
M contains a non-trivial closed geodesic of length < /.

We shall now assume that every non-trivial closed geodesic in M has length > ;. In
particular, every non-trivial element of [' has translation length > 4,. Recall that by
hypothesis every 2-generator subgroup of I' is topologically tame and of infinite index.

We shall show that under these conditions M contains a hyperbolic ball of radius
1(log 3 + o). As was observed by Meyerhoff [13], this implies the conclusion of Theorem
1.1 by an estimate due to Boroczky [4] for the density of a hyperbolic sphere-packing.
Given an embedded ball in M, one obtains a sphere-packing by considering all of the lifts of
the boundary sphere to hyperbolic space. Bordczky’s result gives an explicit estimate for the
volume of the Dirichlet domain for the sphere-packing which, in this case, is also a Dirichlet
domain for M. Applying this estimate, exactly as was done in [6, Corollary 10.4], one
obtains that if M contains a ball of radius $(log 3 + &) then the volume of M is at least
0.94689 ... .

Let us now assume that M contains no ball of radius 2(log 3 + &,). We will show that
this assumption leads to a contradiction.

We begin by applying the following general result, which is proved in Section 2.

ProPOSITION 2.5. Let I be a co-compact, torsion-free, discrete subgroup of Isom ,(H?3).
Let M denote the closed hyperbolic 3-manifold H*/T". Let A be a positive real number.
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Then either
(i) M contains a hyperbolic ball of radius 5 A, or
(i) there exist a point z € H> and pairwise non-commuting elements &, &, &5, &3 of T such
that dist,(z, &;-z) <A fori=10,1,2,3.

Weset A = log 3 + ¢o in Proposition 2.5. Since we have assumed that conclusion (i) does
not hold, we find a point z of H? which is moved a distance less than 3(log 3 + &) by
pairwise non-commuting elements &, &, &,, &5 of I' = ny(M). Note that, since the &; are
non-trivial elements of I', they are loxodromic and have translation length > A,.

Let us identify H*> conformally with the open unit ball in R* in such a way that z is
the center of the ball. Then the unit sphere S is identified with the sphere at infinity, and
every ray in H? emanating from z has a well-defined endpoint in $2. For every
(i,u) e {0, 1,2,3} x{ —1,1},let P, , € S* denote the endpoint of the ray that emanates from
z and passes through the point £(z) (which is distinct from z since &, is loxodromic). For any
indices (i, u) and (j, v) in {0, 1, 2,3} x {1, — 1} we have disty(P ,, Py, ) = £ (& 2,2, &5 2).
In Sections 3 and 4 we derive explicit lower bounds for the spherical distances between pairs
of the points Py ,,. To state these results we must introduce certain auxiliary functions.

First we define a function ¢:R* x R®> - R by

2 cosh? s — 2 sinh? s cos « — cosh £ — cos ¢
¢, t,s,a) = .

cosh | —cost
By direct calculation we find that
¢(Ag, M, 10g 3 + 66,0} = 0.56936 ... <1 <3.40499... = (4o, , log3 + &, 7).

Since ¢ is monotonically increasing with respect to the fourth variable, there is a unique
%- €0, 7] such that ¢(do, 7, log3 + e, x-) =1, and for any ae(x_,, ] we have
¢{Ao, M, log 3 + g0, @} > 1. Solving numerically, one finds that o__ = 0.80060. We set

o(o) = cosh™ ! ¢(Ao, m,log 3 + 2o, %)

for x e (x_ o, 7l
We also need a constant K whose value is a slight perturbation of ¢(f,). By direct
calculation we find that

P{Ao, T, 108 3 — o, Bo) =1.98495... > 1
and
cosh™! ¢(Ao, m, log 3 — &, Bo) = 1.30822 ...
We set
K =1.30822

so that cosh ™! ¢(do, w, log 3 — g, Bo) > K.
The following result is included in the main result of Section 4. It is obtained by
assigning particular values to the parameters appearing in the latter result.

COROLLARY4.9. Let & and 5 be isometries which generate a subgroup of Isom ,(H?) which
is discrete, free of rank 2, purely loxodromic and topologically tame. Suppose that £~ 'n has
translation length > A,. Let z be a point of H?® such that

max {dist,(z, & z), disty(z, - 2)} <log 3 + &.
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Seta, =/ {(E-z,z,n-zyand oy = £ (E -z, z,n" - z). Then oy and «_ lie in the interval
[o- o, 7] and
a(ay) + o(a-q) > 2K.

To first order, the conclusion of Corollary 4.9 consists of a lower bound on the sum of
the angles a, and «_,. Corollary 4.9 is a refinement of Theorem 9.1 of [6], which gives
a lower bound of log 3 for the quantity max{dist,(z, ¢ - z), dist,(z, - z)} without any restric-
tion on o, and «_4.

Suppose that (i, u) and (j, v) are indices in {0, 1,2, 3} x {1, — 1} with i # j. We wish to
apply Corollary 4.9 with & = &, n =&}, (f, &) = (Bo, &) , 4 = 49 and 8 = n. Since the first
Betti number of M is at least 3, and since &; and ¢&; do not commute, it follows from
[1, Corollary 7.2; 5, Proposition 3.2] that & and n generate a free group F of rank 2 which is
topologically tame. Since I is co-compact, F is purely loxodromic. Since ¢~ 'z is a non-
trivial element of T, it has translation length > ,. It follows from the defining properties
of &, ..., ¢ that disty(z, & z) and dist,(z, & -z) are less than log 3 + ¢,. Thus all the
hypotheses of Corollary 4.9 hold. Setting oy = £ (¢ 2, 2,1 z) = distPy ., P.y) and
a1 = L(E Yz, z,n7  2) = disty(Py. —uy» Py, - ), we conclude that

o(aq) + ol{e..y) > 2K.

This shows that for any two indices (i, u) and (j, v) in {0, 1,2, 3} x {1, — 1} such that i # j,
we have disty(Pu» Pij.o) > 0= o, dist(Py, —uy Py, —ny) > #- o and

O'(diStS(P(i,u), P(j, u))) + O'(dists(P(,'_ —up P( Js —v)) > 2K.

The next step is to apply the following proposition about configurations of eight points
on a sphere which is proved in Section 5.

PROPOSITION 5.1. Suppose that we are given an indexed family

(P{i‘u))(i. wef0 1,23 x{~1,1}

of points in S*. Assume that for any two indices (i, u) and (j, v) in {0,1,2, 3} x { — 1, 1} with
i # j, we have dist(Py. u, P, ») > — . Then either

(i) there is an element i of {0, 1, 2, 3} such that dist,(Py, 1), P — 1)) < &y, or
(i) there exist indices (i, u) and (j,v) in {0, 1, 2,3} x {— 1, 1}, with i # j, such that

o(distd Py s Pij.0) + a(disty(P, - Pjn)) < 2K

Observe that the family (P ,) satisfies the hypothesis of Proposition 5.1 but, by
Corollary 4.9, does not satisfy alternative (ii) of the conclusion.

On the other hand, at the end of Section 4 we prove a result which shows that the family
(P;.) does not satisfy alternative (i) either. The statement requires one more auxiliary
function. For A > 1 > 0 we define

(2, A)=cos’1<1 —M_ﬁ;}))‘

cosh A —1

Proprosimion 4.10. Let 0 < A < A be real numbers. Let £ be a loxodromic isometry of
H3 with translation length > A, and let z be a point of H such that dist,(z, &+ z) < A. Then we
have [ (E7 1z, 2, & 2) > w(4, A).
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Since each ¢; has translation length > 1, and since dist,(z, & z) < A, it follows from
Proposition 4.10 that £ (¢7 -z, z, &+ z) > (4o, A). By direct computation we have

(Ao, 10g 3 — &0) = (0.71497 ..} > J,.

This means that dist, (P, 1), Py, - 1)) > 6o fori =0, 1, 2, 3. Thus alternative (i) of Proposition
5.1 also fails to hold for the family (Py; ). This gives a contradiction to Proposition 5.1, and
the proof of Theorem 1.1 is therefore complete. O

2. INTERSECTIONS OF CYLINDERS IN H?®

In this section we prove Proposition 2.5, which was the starting point for the proof of
Theorem 1.1. The proof is based on an analysis of coverings of hyperbolic space by
cylinders, which is formulated in Proposition 2.1.

We let H? denote the union of H? with the sphere at infinity, equipped with the standard
topology that makes it homeomorphic to a closed 3-ball. In this section we will use the
Beltrami-Klein model for H?, i.e. we will identify H® with the closed unit ball in R® in such
a way that the lines in H> are open Euclidean line segments in R>. If we use this model, the
Euclidean metric on the unit ball becomes a metric on H? which will be denoted dist, to
distinguish it from the hyperbolic metric dist, on H>. A subset of H? is (strictly) convex in
the hyperbolic sense if and only if it is identified with a set in the Beltrami—Klein model
which is (strictly) convex in the Euclidean sense.

For any closed set X < H?3, we let X denote the closure of X in D:|]3, and we set
X = X — X.In particular, F1* denotes the sphere at infinity. For any line | = H?, the set s
identified with a closed line segment in the Beltrami-Klein model, and / is identified with the
set of endpoints of this segment.

Recall that two lines [ and I’ in H® are said to be parallel if In I’ # @. In this case, either
In[" consists of a single point, or | = /.

If A is a line in H* and r is a positive real number, we shall denote by Z,(A) the set of all
points in H* whose hyperbolic distance from A4 is < r. By a cylinder in H* we shall mean
a set of the form Z = Z,(A), where A = H? is a line and r is a positive number. The line 4 is
uniquely determined by the set Z because A = H>nZ. It follows easily that r is also
uniquely determined by Z. We shall refer to 4 and r respectively as the core and the radius of
the cylinder Z.

If Z is a cylinder with core 4 and radius r, then, by [6, Proposition 1.2], Z is a strictly
convex subset of H>. It follows that Z is a strictly convex, compact subset of H* and is
therefore identified in the Beltrami—Klein model with a strictly convex, compact subset of
the unit ball in R Since this set clearly has non-empty interior, it follows that Z is
a topological 3-ball, and that the boundary of this ball, 8Z, is identified with its frontier in
R* in the Beltrami-Klein model. On the other hand, it is clear that Z is equal to A,
a two-point subset of 3. Hence 6Z = 0Z —Zisa topological annulus, and coincides with
the frontier of Z in H>.

The first main result of this section is the following,

PrOPOSITION 2.1. Let % be a locally finite collection of cylinders whose interiors cover H>.
Suppose that the cores of any two distinct cylinders in Z are non-parallel (and in particular
distinct). Let # < (0, o) denote the set of all radii of cylinders in &. Suppose that # has
a greatest element ry, and let Z, be any cylinder of radius ry in &. Then there are cylinders
Z, 2, Zye %, distinct from one another and from Z,, such that 0ZonInt Z, nInt Z,n
Int Z5 # 0. In particular we have Int Zo~Int Z, nInt Z,~ Int Z5 # 0.
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Note that if the open set Int Z; nInt Z, Int Z; meets the frontier 0Z, of IntZ, in H3,
then Int Z, nInt Z, nInt Z5 must also meet the set Int Z,, itself. Thus the last assertion of
the above proposition does follow from the first.

The following two lemmas are needed for the proof of Proposition 2.1. An open subset
U of a connected, non-simply-connected 2-manifold X will be termed inessential if (i) U has
compact closure in £ and (i1) if U is non-empty then, for every component V of U, the
inclusion homomorphism 7,(V)} — 7,(X) is trivial.

LEMMA 2.2, Let X be a connected, non-compact, non-simply-connected 2-manifold without
boundary. Let U be a locally finite collection of inessential open subsets of £ that covers Z.
Then there are three distinct sets Uy, Uy, Us € U such that UynU,nU; # 0.

Proof. We may choose a compact set Xy < U for each U € %, in such a way that the
interiors of the sets Xy cover X. Let us fix a piecewise linear structure on X. After possibly
enlarging the X we may assume that each Xy, is a polyhedral subset of Z. After replacing
the Xy by their regular neighborhoods we may assume that they are compact polyhedral
2-manifolds with boundary.

For each U there is a polyhedral disk Dy < X such that 6Dy = Xy = Dy. Indeed, the
hypothesis that each U € % is inessential implies that each component C of X bounds
adisk A¢c = . We must have either X, © Acor Acn Xy = C. Butif Acn Xy = Cfor every
component C of 0X, then the set XU | JcAc, where C ranges over all components of 6X g,
is a closed 2-manifold; this is impossible since X is connected and non- compact. Hence for
some component C of 6X we must have Xy < Ac. The disk Dy = Ac then has the asserted
properties.

We claim that there exists a set W € % with the property that there is no U e # for
which Dy, < Int Dy. Assume that this is false. Then there is a sequence (U;) ;> ¢ of sets in
% such that if we set D; = Dy fori =0, 1, ..., we have D; — Int D, for every i > 1. Set
D =), o Di- Then D is an open, simply-connected subset of Z. Since Z is connected and
non-simply-connected, D must have a non-empty frontier. Let P be a point of the frontier of
D, and let W be a connected neighborhood of P in £ whose closure is compact. The set
W meets D, and therefore meets D; for some j > 0; hence W meets D, for every i > j. On the
other hand, there is no i for which W < D;; for this would imply W < Int D;,, < Int D, and
P would not be on the frontier of D. Since W is connected it follows that W meets the
boundary of D; for each i > j. But 6D, = 0Dy, « Xy, < U thus WU, # 0 for each i > j.
Since it is clear from the choice of the sequence (U;); » o that the U; are all distinct, this
contradicts the local finiteness of %. This proves the claim. Now if W € % is the set given by
the claim just proved, let us set Sy = 0Dy N Xy for each U € %. Since Z is covered by the
sets IntXy for U € %, the simple closed curve dDy is covered by the sets Sy, for U € 4. Since
Xy < Dy, we have Sy = 9. Thus 8Dy, is covered by the sets Sy, for W # U € %. Our choice
of W guarantees that each Sy, is a proper subset of 0Dy, Since the Sy are open in Dy and
0Dy is connected, there are two sets U, U’ € %, distinct from W and from each other, such
that Sy~ Sy # §. We have

0£SynSy =DynInt XynInt Xy € XpnXynXy c WAUNU'
and the lemma is proved. O
LemMa 2.3. Let Zo and Z be two cylinders in H* with non-parallel cores, and let rq

and r denote their respective radii. Suppose that ro = r. Then Int Zn3dZ, is inessential
in 0Z,.
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Proof. Let A and A, denote the cores of Z and Z,, respectively. Since A and A, are
non-parallel, we have ZnZ, = An Ay, = 9. Hence ZnZ, < H?* is compact. In particular
Int Zn0Z, has compact closure in 6Z,,.

It remains to show that for every component V of Int Z n~0Z, the inclusion homomor-
phism 7,(V) — n,(X)is trivial. We first prove this in the “generic” case in which An 4, = 0.
In this case, since 4 and A, are not parallel, we have An A, = 0.

To prove the assertion in this case, we begin by defining a map f: A, — 6Z, as follows.
Given any point z € A,, we have z ¢ A since An A, = §. Hence there is a unique line L, such
that L, contains z and L, meets A perpendicularly. Let P, denote the point of intersection of
L, with A. We have P, # z since z ¢ A. In the Beltrami-Klein model, L, is a non-degenerate
closed line segment. Let us write L,=X,uY,, where X, and Y, are closed line segments
such that P,e Y, and X,nY, = {z}. Note that Y, is always non-degenerate, but that
X, will be degenerate if z € A,. Since z € A, ZO, and since (according to the remarks
at the beginning of this section) Z, is a strictly convex subset of the unit ball, there is
a unique point of intersection of X, with Z,. We define f(z) to be this point of intersection.
Note that we may characterize f(z) as the unique point of L,n0Z, such that
dist,( f(z), P,) > dist.(f(z), z). Note also that f restricts to the identity on A, and that
fA) oz

We claim that f: A, — 0Z,, is continuous. To prove this, it suffices to show that if (z;) is
a sequence of points of 4, converging to a point z € Ao, then (f(z;)) converges to z. If this is
false, then after passing to a subsequence we may assume that ( f(z;)) converges to some
point w # f(z) in 0Z,.

Now since (z;) converges to z, it is clear that the sequence (P;) = (P,) converges to P, in
the metric d,, and hence that the sequence of line segments (ﬁ,-) = (f,zl,) converges to L, in the
Hausdorff metric defined by d.. Since f(z;) € L, for each i, it follows that w € L,. Similarly,

dist.(w, B,) = lim dist.(f(z;), P)) > lim dist(f(z)), z;) = dist.(w, 2).

| amdied]

From the above characterization of f(z) we conclude that w = f(z). This contradiction
establishes the continuity of f.

Now consider the subset S = 0Z, — f(A4,) of 6Z,. Since f restricts to the identity on
Ao andf(Ay) = Zo, wehave S = 0Z, — f(Ay). The set f(Ay) is compact and connected since
fis continuous and A, is homeomorphic to a line segment. Since, according to the remarks
at the beginning of this section, dZ, is a topological 2-sphere, it follows that each
component of S is simply connected. We shall complete the proof that n,(V) - n,(X) is
trivial for every component V of Int ZnJdZ, by showing that Int ZndZ, = §.

For this purpose we consider an arbitrary point w e Int Zn8Z,. Thus

dist,(w, A) <r <ry = dist,(w, Ag) (2.3.1)

Assume that w ¢ S, so that w = f(z) for some z € 4. According to the definition of the mapf,
the point w lies on the line L., which meets A perpendicularly at P,, and z lies on the
segment of L, with endpoints w and P,. Hence

dist,(w, A) = dist,(w, P,) > dist,(w, z) > dist,(w, Ao).

This contradicts (2.3.1), and the proof is thus complete in the case An A, = .

Finally, we consider the case in which 4~ A4, # 0. Assume that Int ZndZ, has a
component V for which n,(V)— n;(Z) is non-trivial. Then there is a continuous map
g:S' - IntZ n dZ, which is homotopically non-trivial in Z. Now let us choose a sequence of
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lines (4%) in H® such that the sequence (A4"”) converges to (4) in the Hausdorff metric
defined by dist,, and such that 49~ 4, = @ for every i. Set Z® = Z,(A®) for every i. By the
case of the assertion already proved, n;(V) — n,(Z) s trivial for every i and every component
V of IntZ® n8Z,. Hence there is no i for which g(S') = Z”. This means that for each i there
is a point w” in the compact set g(S!) such that dist(w?® A?) > r. After passing to
a subsequence we may assume that (w”) converges to a point w € g(S*). In particular we
have w € Int 4, so that dist,(w, P} < r for some point P € A. According to our choice of the
A® there is a sequence of points (P”) in H?® such that P?e A? for every i and (P%)
converges to P in the metric dist,. We must have P € 49 for all large enough i; thus after
again passing to a subsequence we may assume that P¥ € A” for all i. It then follows that
(PY) converges to P in the metric dist,. Hence for large enough i we have dist,(w®, PY) < r.
Since P9 e A® and dist,(w”, A”) > r, we have a contradiction. O

2.4. Proof of 2.1. Let % denote the collection of all subsets of dZ, having the form
0Zy, Int Z where Z is an element of & distinct from Z,. Since the interiors of the cylinders
in & cover H?, and since 8Z,, is disjoint from Int Z, the collection % covers the topological
open annulus dZ,. Since % is locally finite, so is %. By Lemma 2.3, each set in % is
inessential in 0Z,. Hence by Lemma 2.2, applied with £ = 8Z,, there are distinct sets
U, Uy, Use®# with UinU,nU;#@. Writing U;=dZ,nIntZ; with Z;e & for
i =1, 2,3, we obtain the conclusion of the proposition. O

We are now ready to prove the result that was quoted in the proof of Theorem 1.1.

PROPOSITION 2.5. Let T be a co-compact, torsion-free, discrete subgroup of Isom . (H?).
Let M denote the closed hyperbolic 3-manifold H*/T. Let A be a positive real number. Then
either (i) M contains a hyperbolic ball of radius Aj2 or (ii) there exist a point ze H* and
pairwise non-commuting elements &o,&,&5,&3 of T such that distyz, &-2) < A for
i=0,1,23.

Proof. As in [7], for every maximal cyclic subgroup of I' we denote by Z(X) = Z,(X)
the set of all points z € H? such that dist,(z, &+ z) < A for some non-trivial element ¢ of X.
The set Z(X)is the interior of a cylinder Z(X) if the maximal subgroup X is generated by an
element of translation length < A, and otherwise Z(X) is empty. Let & denote the
collection consisting of all the cylinders Z(X), where X ranges over the maximal cyclic
subgroups of I that are generated by elements of translation length < A. According to [7,
Proposition 3.2], either M contains a hyperbolic ball of radius 3A or & covers H>. In the
latter case we shall show that conclusion (ii) of the proposition holds.

The discreteness of " implies that for every point z € H? there are only finitely many
elements y € I such that dist(z, y- z) < A. Hence the collection & is locally finite. Since I is
discrete and co-compact, every element of I' lies in a unique maximal cyclic subgroup,
which is its centralizer. The stabilizer in T of any point of H? is either a maximal cyclic
subgroup or the trivial group. Thus if Z(X) is a cylinder in £ then X is the unique maximal
cyclic subgroup fixing either point of Z(X). It follows that any two distinct cylinders in
Z have non-parallel cores.

On the other hand, since I' is co-compact, it contains only finitely many conjugacy
classes of elements with translation length < A. It follows that the set R < (0, c0), consist-
ing of all radii of cylinders in &, is finite and hence has a greatest element r,. Let Z,, be any
cylinder of radius ro in 2. Then it follows from Proposition 2.1 that there are cylinders
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Z,Z,,Zyc Z, distinct from one another and from R, such that Int ZonIntZ,n
Int Z,nInt Z5 # 0. We may write Z; = Z(X,}fori =0, 1, 2, 3, where X; is a maximal cyclic
subgroup of I'. Fori = 0, 1, 2, 3 there is a non-trivial element &; of X; such that dist,(&; - z, z)
< A. Since the ¢&; lie in distinct maximal cyclic subgroups of I', no two of them can
commute. O

3. ANGLES AND DISPLACEMENTS, 1

Corollary 4.9, which was used in the proof of Theorem 1.1, is a special case of the main
result of Section 4, Theorem 4.1, which in turn may be regarded as a refined version of
Theorem 9.1 of [6]. If two hyperbolic isometries £ and # generate a free Kleinian group of
rank 2 which is topologically tame and has no parabolic elements, then Theorem 9.1 of [6]
asserts that an arbitrary point z of hyperbolic space is displaced at least a distance log 3 by
either & or 5. Theorem 4.1 gives an improved lower bound for this displacement involving
the angles / (¢-z,z,n-z)and £ (71 z 2,171 2). To first order, the refined result says that
the lower bound of log 3 can be increased slightly under the assumption that the sum of
these two angles is small.

Theorem 4.1 is proved in two stages. In this section we consider the case when z lies
on the common perpendicular to the axes of £ and #. Here we are able to take advantage
of the existence of an involution that fixes z and conjugates ¢ and # to their inverses. In
particular, this symmetry implies that the two angles mentioned above are equal. The
general case, where z need not lie on the common perpendicular, is handled in the next
section.

The proof of Theorem 9.1 of [6] makes use of a Patterson-Sullivan construction to
produce a certain measure-theoretic decomposition of the limit set of the group I' = (&, >
into four measures corresponding to the two generators and their inverses. As in [6,
Lemma 5.3], the existence of an involution that fixes z and conjugates the generators
to their inverses will be used to conclude that the measure associated to a generator has
the same total mass as that associated to its inverse. Actually, as in [6, Proposition 5.2]
these observations are used only in the special case in which every I'-invariant positive
super-harmonic function on H? is constant; the general case of Theorem 4.1 is reduced
to this case. In this case the argument given in [6, Lemma 5.5 and Proposition 5.2] involves
comparing the four measures with characteristic measures of four spherical caps whose
areassumto 1. Theanglea = £ (¢-z,z,n'2) = £ (™ 1z, 2,17 ' z) is the spherical distance
between the centers of two of these caps. In the crucial special case where the caps
have areas close to 7, the assumption that o is small implies that there is a substantial
overlap between these two caps. This leads to a refinement of the estimate established in
[6, Proposition 5.2].

We will need some more notation regarding spherical geometry. If P is a point of S? and
r is a number in the interval (0, nt), we shall denote by C(P, r) the spherical “cap” consisting
of all points of S? whose spherical distance from P is at most . An easy computation shows
that the area of C(P, r) is 2n(1 — cosr). For any three real numbers r,, r,, a in the interval
(0, m) we shall denote by i(e, 74, r,) the area of the intersection of two spherical caps C(Py, r;)
and C(P,, r,) , where P; and P, are two points of §? such that dist(P;, P,) = «. A closed
form expression for the function 1 is derived in Appendix B.

We define functions E: (0, o) — (0, ) and r: (0, o) — (0, n) by

E(e) = 1—4% and r(g) = cos™'(1 — 2E(e)).
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We define functions I and f on (0, m) x (0, c0) = R* by

1
I{(a, &) = é;l(oc, r(e), r(e)) (3.0.1)
and
flo,e) =3 — E(e) — I(w )

Note that it follows from the definition of 1 that it is non-negative and is monotonically
decreasing as a function of the first variable. Hence I is also non-negative and monotoni-
cally decreasing as a function of the first variable.

We denote by ¢ the subset of R® consisting of all points (x, u, t) such that x > 1 and
0 <t < u. We define a real-valued function g on 4 by

tx u—t

TTic—D  Arac-D+@-0x-1)  “

g(x’ u, t) =

We define a constant ¢, = 0.05. We shall denote by 2 the open subset of
(0, 1) x (0, £,,) = R* consisting of all points (B, ¢) satisfying the following conditions:

(1) f(B,e) >0

(2) g(9¢*, 3 — E(e).f(B,¢)) < 1; and

(3) I(B,¢) < 3 E(e).

Note that if (1) holds then (9¢%%, 5 — E(e), f (B, £)) € %, so that condition (2) makes sense.
The main result of this section is the following theorem, the proof of which will occupy the
rest of the section.

THEOREM 3.1. Let (B, €) be any point in 9. Let ¢ and n be two loxodromic isometries of
M3 such that the group T generated by ¢ and n is discrete, topologically tame, purely
loxodromic and free on the generators & and n. Let z be a point on the common perpendicular to
the axes of ¢ and n. Suppose that [ (¢-z,z,1-2z) < fB. Then we have

max {dist,(z, £ z), disty(z, - 2)} = log 3 + &.

We follow the notation of Section 5 of [6]. We denote by 4, .: S, — R the conformal
expansion factor of a hyperbolic isometry y relative to a point ze H>. It is shown in
paragraph 2.4 of [6] that if we identify FI* = H?U S, conformally with the closed unit ball
in R? in such a way that z is the origin and 7 '+ z is on the positive vertical axis, then the
conformal expansion factor of y is given by the formula

2;.2(0) =(c —scos ¢)~! (3.1.1)

where ¢ = cosh dist,(z, 7- z), s = sinh dist,(z, y- z), and ¢ = ¢({) is the polar angle of {. In
this paper we define the pole of y (relative to z) to be the endpoint Pe S™ of the ray
emanating from z and passing through y~' - z. In the coordinate system just described, P is
the north pole of S? and the polar angle of a point of S is its spherical distance from P. Thus
2, is a positive-valued, decreasing function of the spherical distance of a point from the
pole of y. In particular, the pole is the unique maximum point of 4, ..

For any point ze H® we denote by A, the area measure on the sphere at infinity
S, determined by the round metric centered at z, normalized so as to have total mass 1.
Thus in the coordinate system described above, A is obtained from the ordinary area
measure by dividing by 4.
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The following lemma is a key step in the proof of Theorem 3.1 which replaces one of the
basic estimates in [6]. The original estimate contained in [6, Lemma 5.5], depends on the
observation that if v is a Borel measure on S, which is bounded above by A4,, then

f (Ay,2)* dv < j (4,.-)dA,
s, ¢,

where C, is a spherical cap centered at the pole of y with area u = v(S,,) . Here we observe
that the cap C, can be replaced by the union of a smaller cap of area t = v(C,) and an
annulus of area u — t. Later we will use our condition on angles to get bounds on u and ¢.
The conclusion that g(e*, u, t) > 1 can, as we shall see, be regarded as giving a lower bound
for the displacement A = dist,(z, y - 2).

LEmMA 3.2. Let y be a loxodromic isometry of H* and let z be any point of H>. Set
A = disty(z, 7' z). Let v be a Borel measure on S, such that

(1) v< A, and
(i) fs, (4,07 dv=1—v(S,).

Set u = v(S,). Let Cqy be the spherical cap with center at the pole of y and with area u. Set
t = v(Co). Then we have g(e**, u, t) > 1.

Proof. Let ze H? be given. As in the discussion preceding the statement of the lemma,
we identify F* = H*U S, conformally with the closed unit ball in R* in such a way that z is
the origin and 7~ ! - z is on the positive vertical axis. We set A = A,, ¢; = arccos(l — 2t),and
Cy = C(P, ¢y). Since A is 1/4n times the area measure on S, and since C, has area
2n(1 — cos t), we have

A(Cy) =3(1 —cos ¢1) = t.

Now we set ¢ = cos™ (1 —2u) and C, = C(P, ¢o). We also set ¢ = arccos(l — 4u + 2t),
and we let R < S, denote the annulus C(P, ¢g)\Int C(P, ¢¢). Then we have

A(R) =3(1 —cos ¢pr) — (1 —cos o) =u — 1.

Let us denote by v,, v, the restrictions of the measure v to C,y and to S \Cy, respectively.
Then we have v = v; + v,. Hence hypothesis (i) may be rewritten in the form

J (/1)"2)2 dvl + J (/’Ly.z)2 de =1-u (321)
Co S.—Co

Since v < A we have v; < A and v, < A. Since, by the discussion preceding the statement of
the lemma, 4, ,({) is a positive-valued monotonically decreasing function of the polar angle
¢, we apply Lemma 5.4 of [6] with C = Cy, g = v, p = A, X = Cyand f = 4, , to obtain
the following inequality:

f (Ay.2) dv1<f (4,..)? dA. (3.2.2)
Co c,

Applying the same lemma from [6] with C =R, o =v,, pu=A4, X =S \Coand f= 41, ,
we obtain that

f (2,2 dvy < J (4,..)* dA. (3.2.3)
S.\Co R
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Now we evaluate the right-hand sides of (3.2.2) and (3.2.3) using the formula (3.1.1) for 4, ..
We find that

1 (2 [ sin ¢
OV dA = — __sme
Jcl ()" 4 4n L Jo (¢ — s cos ¢)? a9 46

1 1 1
T 2s\c—s c¢—scosd;

2A

te

= [T (3.2.4)

where in the last step we used that ¢ = cosh A, s = sinh A and cos ¢, = 1 — 2t. Likewise,
setting x = >4, we have

2 9 sing
JR(},%Z)Z dA = J\O Jl) md(ﬁ do

1 1 1
" 2s\c—scos¢p, ¢ —scosgg

u—t
- (1 +ulx =) +Qu-—1t)(x—-1)

(3.2.5)

Now adding (3.2.2) and (3.2.3), substituting for the right-hand sides the expressions given by
(3.2.4) and (3.2.5), and rewriting the left-hand side of the resulting inequality as 1 — u by
virtue of (3.2.1), we obtain

tx u—t
l—u< +
L+ex—=1) (1 +ubx—1)1+Qu—1t)x—1)
which is equivalent to the conclusion of the lemma. |

The proof of Theorem 3.1, like that of Theorem 9.1 of [6], reduces to the case of
a hyperbolic manifold which admits no non-constant positive super-harmonic functions.
This case is contained in the next Proposition. We need two lemmas for the proof.

LeEMMA 3.3. Let ¢ be a given positive number. Let £ and n be two loxodromic isometries of
H?>. Suppose that the group T generated by £ and n is discrete and free on the generators ¢ and
n, and that every T-invariant, positive, superharmonic function on H> is constant. Let z be
a point on the common perpendicular to the axes of & and n and set 0. = [ (& z, 2,1 z). If we
have

max {dist,(z, & z), disty(z, - 2)} <log3 +e.

Then there exist real numbers A, t and u with Ae{dist,(z, ¢ 2), dist,(z, n-2)},
ue[E(), s — E(e)] and t € [0, u — I(a, &)], such that

ge® t,u) = 1.
Note that the inequalities A >0 and 0 <t < u imply that (**,t,u)e %, so that the last

conclusion of the lemma makes sense if the others hold.

Proof. Let us identify H®> = H3U S, conformally with the closed unit ball in R? in such
a way that z is the origin. Let P, and P, denote the poles of £ and # relative to z. By
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definition P, and P, are the endpoints of the rays emanating from z and passing through
¢ 'z and 5 '-z. Hence we have dist(P:, P,)= L (¢"'z,z,n ' 2) . If we define
te Isom,(H?) to be the rotation about L through an angle 7, we have tét = ¢~ ! and
1 =y~ . Since 7 fixes z it follows that

L& b)) = Ltz i) = L(Ez ) =

Hence
disty(Py, P,) = a. (3.3.1)

Weset W ={& &7 nn" "'} =T Wealso set A = 4,.
According to [6; Lemma 5.3] and the hypotheses of the lemma there exist four Borel
measures (v, Vg1, vy, V,-1) o0 S, such that

A= VC + Vg" + v,, + V,,’l (332)
for each € ¥ we have
J (;“w,z)z dvllfl =1- vl/l(SCD) (333)
S
ve(Se) = ve-i(Se) and  v,(S,) = v, (S,). (3.34)

Next we apply [6, Lemma 5.5] (after correcting a typographical error by interchanging the

numerator and denominator of the fraction in the conclusion). Setting a = v,(S,) and

b =1 — a, we obtain that

1 —vy(S,)
)

for each iy € . We therefore obtain for each yy ¢ W the inequality

log < disty(z, ¥ (z)) <log3 + ¢

|
W(S2) > 5 = E6) (3.3.5)

Conditions (3.3.2) and (3.3.4) above imply that
Vg1 (Se0) + vy 1(Se) = 3 (3.3.6)
From (3.3.5) and (3.3.6) it follows that
Ve-1(So) vy-1(S) <3 — Efe). (3.3.7)

Let us choose two spherical caps C; and C,, centered at P; and P,, such that
A(Cy) = ve1(S ) and A(C,) = v,-(S,,). Since a spherical cap C(P, r) has area 2n(1 — cos r),
and since 4 is 1/4n times the area measure, we have C; = C(P, re)and C, = C(P,, r,), where
re =cos” (1 — 2ve-1(S,)) and r, = cos '(1 — 2v,-+(S..)). Since r(e) = cos™ (1 — 2E(e)), it
follows from (3.3.5) that

e, Iy 2 1(€).

If we set G = C:nC,, then by (3.3.1) and (3.0.1) and the definition of the function , we have

A(G) = ﬁ o, ry,ry) = 11; a, r(e), r(e)) = 21(a, &). (3.3.8)
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By property (3.3.2) of the v, we have
ve-1(G) + v, (G) < A(G).
By symmetry we may assume that
ve-1(G) < 5 A(G). (3.3.9)
Set t = ve-1(Cy) and u = v¢-1(S,,). By (3.3.5) and (3.3.7) we have
E(e) <u<3—E() (3.3.10)
Using (3.3.2) and (3.3.9) and the definition of C,, we find
t = v 1((CA\G)UG) = v-1(C\G) + v-1(G)
< A(Cy — A(G) + 3A(G) < u — 3A(G). (3.3.11)
Using (3.3.11) and (3.3.8), we get
t<u—Io,¢). (33.12)

We may now apply Lemma 3.2 with y = ¢ and v = v,-.. Indeed, hypothesis (i) of Lemma 3.2
follows from (3.3.2), and hypothesis (ii) follows from (3.3.3) and (3.3.4). The above definitions
of u, t now agree with those given in the statement of Lemma 3.2, while the cap C, defined in
the latter statement is C,. It follows from Lemma 3.2 that

ge*, ut) > 1, (3.3.13)

where A = dist,(z, ¢+ z) = dist,(z, £~ - z). The conclusion of the theorem follows from
(3.3.10), (3.3.12) and (3.3.13). O

The second lemma is computational. To maintain the flow of the argument, we delay
the proof until Appendix A.

Lemma Al. Let g, 9., g, denote the partial derivatives of g with respect to the first, second
and third variables, respectively. The function g, is positive everywhere on 4. The functions
gx and g, are positive at every point (x, u, t) € 9 such that u < % and t > % u.

ProrosiTioN3.4. Let (B, €) be any point in &. Let £ and n be two loxodromic isometries of
H? such that the group T generated by ¢ and n is discrete and free on the generators ¢ and n.
Suppose that every T-invariant, positive, superharmonic function on H?* is constant. Let z be
a point on the common perpendicular to the axes of & and n. Suppose that  (£-z,z,n-2) < f.
Then we have

max {dist,(z, & z), dist,(z, n-2z)} =log3 + &.

Proof. Assume that
max{dist,(z, ¢ z), disty(z, n-2)} <log3 +&.

Set o = £ (¢ 2z, 2,1 z). According to Lemma 3.3, there exist real numbers A, u, and ¢,
where A € {disty(z, ¢ 2), dist,(z, 1 2)}, ug € [E(e), 2 — E(e)] and to € [0, uo — I(a, £)], such
that g(e24, to, uo) = 1. We write x, = e*2.

Let us set t; = up — I(f, ¢). Since I is monotonically decreasing as a function of the first
variable, we have t, > uy, — I(a, §) = t,. We also have ¢, < uq since I(f, ¢) is non-negative. It
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follows that the line segment ¢, = {xo} x [to, t;] X {4} is contained in ¥. According to
Lemma Al, the partial derivative g, is positive on ¢ and hence

g(xo, t1, Ug) = gl(xo, Lo, Ug) = 1.

Now let us set x, = 9¢*, u, =1 — E(¢) and t, =f(B,8) =1 — E(e) — I(B, ¢). Since
A € {disty(z, & z), dist,(z, # - z)}, our assumption implies that A < log 3 + ¢ and hence that
Xo < X,. Since u, was taken to be < % — E(¢), we have u, > uy and t, > t,.

Now consider the line segment ¢, from (xg,u,t;} to (x,, uyt;). Since
U, —t, =I(f,e) = uy — t, wehaveu — t = I(f, &) for every (x, u, t) € ,. Since I(f,¢) = 0 it
follows that 6, — 4. On the other hand, by hypothesis we have (f, ¢) € Z; and applying
condition (3) of the definition of 2 we find that for every (x, u, t) € 2 we have

u—t=IBe <3Ee)<Iuo<iu

so that t > 2u. Hence by Lemma A1, the partial derivatives g, g, and g, are all positive on
0. SInce X, = Xxo, U, = Uy and t, = ty, it follows that

g(xl’ U, tZ) =2 g(x07 Uo, tl) = L

However, according to condition (2) of the definition of &, we have

g(xb Us, t2) = g(962£’% - E(S)’ f(ﬁ’ 8)) < 1

This contradiction completes the proof. |

The proof of Theorem 3.1 requires one more proposition, the proof of which is deferred
to Appendix C.

ProprosiTiON C1. Let & and 1 be two loxodromic isometries of H* without any common
fixed point. Denote by L the common perpendicular to the axes A; and A, of ¢ and n,
respectively. Let zo be any point of L. Then there exist continuous one-parameter families
(Edo < <1 and (1)o <. <1 of loxodromic isometries of H* with the following properties:

() So=Cand no =1;
(i) for every t the axes of & and w, are perpendicular to L;
(ii1) the functions t +— dist(zo, & - zo) and t — dist(z,, 1, zo) are monotonically decreasing
on [0, 1F;
(iv) the function tv— [ (& z2¢, Zo, N:* 2o) is (weakly) monotonically decreasing on [0, 1};
and
(V) the isometries &, and ny have the same axis.

3.5. Proof of Theorem 3.1. We argue by contradiction. Assume that
max {dist,(z, & z), dist,(z,n°z)} <log3 + &.

Suppose first that I' is topologically tame and is not geometrically finite. Then it follows
from [5, Theorem 7.2] that H* admits no non-constant positive I'-invariant superharmonic
functions. The assertion of the theorem now follows from Proposition 3.4.

Now suppose that I" is geometrically finite. Let L denote the common perpendicular to
the axes A, and A, of ¢ and #, respectively. Let (£,) o <. <1 and (1,) o <, < 1 be One-parameter
families having the properties stated in Proposition C1. Let V denote the complex affine
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variety PSL,(C)x PSL,(C) endowed with the classical topology, and consider the path
p:[0, 1] - V defined by p(t) = (&, #,). By property (i) of Proposition C1 and the hypotheses
of the theorem, we have that (&g, #,) is a point in the Schottky space ¥¢ = V, i.e. the group
I' =& ) is a geometrically finite Kleinian group which is free of rank 2 and has
no parabolics. By property (v) of C.1 we have that {£;,#,) is not free of rank 2 and
therefore (&4,%,) does not lie in ¥¥¢. By [12], ¥% is an open subset of V. Set
to = inf{t € [0, 1](&, n,) ¢ €€}. It follows that (&, , #,,) is in the frontier of €. By property
(ii) of C.1, the point z is on the common perpendicular to the axes of £, and #,,. By the
hypothesis of the theorem and property (iv) of Proposition C1 we have

L(‘fto.za Z, nro'z) < ﬁ
Similarly, our assumption and property (iii} of Proposition C1 imply that
max{disty(z, &, - z), distu(z, ,, z)} <log3 + e

By [6, Theorem 8.2] there exists a sequence (£;, 7;) in the frontier of €% in V which
converges to (&, , #1,,) , and such that for every i the group I'; # (¢, #;) is purely loxodromic
and free on the generators &; and #;, and H® admits no non-constant positive I'-invariant
superharmonic functions. For large enough i we have

L&z z)<B (3.5.1)
and
max {dist,(z, & z), disty(z, ;- 2)} <log3 +e. (3.5.2)

Denote by L; the common perpendicular to the axes of £; and ;. Let z; denote the foot of the
perpendicular from z to L;. The sequence of lines (L;) converges to the common perpendicu-
lar to the axes of &, and #,,, which is L by property (ii) of Proposition C1. Since z € L we
have dist,(z, L;) — 0, and hence z; — z. It follows from (3.5.1) and (3.5.2) that

LS ziszismitz) <P (3.5.3)
and
max {dist,(z;, & zy), dista(z;, ;- 2)} <log3 +¢ (3.5.4)

for large i. Since (B,e)e & and z;€ L;, and since H* admits no non-constant positive
I'-invariant superharmonic functions, it follows from (3.5.3) and Proposition 3.4 that

max {disty(z;, & z;), disty(z;, ;- 2;) = log 3 + ¢

for large i. This contradicts (3.5.4), and the proof of the theorem is thus complete. O

4. ANGLES AND DISPLACEMENTS, 11

In this section we complete the proof of Theorem 4.1, of which a special case, Corollary
4.9, was used in the proof of Theorem 1.1. Theorem 4.1 is an extension of the result of the
previous section to the case where the point z does not lie on the common perpendicular of
the axes of £ and #. Since the point z is not invariant under the involution that conjugates
the generators to their inverses, we have two angles to consider.
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We define a function ¢:R* x R* - R by

2 cosh?s —2sinh? scoso — cosh | — cos t
cosh ! — cos ¢ '

¢t s, a)=

We denote by ¥~ the open subset of R* x R® consisting of all points (i, ¢, s, ) such that
¢l t,s,a) > 1. We define a function p: ¥ — R by

p(l,t,s,2) = cosh™ 1 (l, t, s, ).

Recall that the region & < R? was defined in the discussion preceding Theorem 3.1.
The main result of the section is the following.

THEOREM 4.1. Let A and 0 be real numbers with 2 > 0 and 0 < 6 < n. Let (B, €) be a point
of the region 9 < R2. Let & and n be isometries which generate a subgroup of Isom ,(H?)
which is discrete, free of rank 2, purely loxodromic and topologically tame. Suppose that &~ 5
has translation length > and twist angle < 0. Let z be a point of H*® such that

max {dist,(z, ¢ z), dist,(z,17°2)} <log3 + &

Setoy = (¢ zz,nz)and o_y = /(71 2,2, 1" ' 2). Then the points (1, 6,log 3 + ¢, a;)
and (4, 0,log 3 + &, a_,) are contained in ¥". If in addition we have (1,0,log3 — ¢, f) e ¥,
then

p(4, 0, log 3 + g0q) + p(4,0,l0g3 + 6,0 ,) = 2p(4,08,log 3 — ¢, f).

The proof of Theorem 4.1 requires several lemmas. We begin with two geometric
lemmas. The first of these was used in the proof of [6, Proposition 5.2] but was inadvertent-
ly omitted from the published paper. The reference to “Proposition 1.15” in the latter paper
should have been a reference to the lemma below.

LemMmAa4.2. Let y be a loxodromic isometry of H* with axis A,. Let L be a line which meets
A, orthogonally at a point wq. Suppose that z is any point of H* and that zy€ L is the
orthogonal projection of z to the line L. Then

disty(z, v- z) = dist,(z0, 7 Zo)

Proof. Let r:H? — L denote the map which sends each point of H? to its orthogonal
projection in the line L, i.e., to the nearest point of L. It follows from [11, Lemma 1.3.4] that
r is a distance decreasing retraction from H® to L.

It follows from Lemma C2 that the displacement of a point under the loxodromic
isometry 7 is a monotonically increasing function of its distance from A,. Thus it suffices to
show that the distance from z, to A4, is not larger than the distance from z to A,. Let
w denote the point of A4, which is nearest to z. Then we must show that
disty(z, w) = disty(zo, wo). But we have z, = r(z) and wy = r(w); this completes the proof
since r is distance decreasing. O

LeMMA4.3. Let L be a line in H* and let R:H* — L be the function that assigns to each
point of H? its distance from the line L. Then R is a convex function.

Proof. Let r:H? — L be the nearest point retraction. Let z and w be two points of
H? and let m be the midpoint of the segment from z to w and let m’ € L denote the midpoint
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of the segment from r(z) to r(w). We must show that R(m) < 3(R(z) + R(w)). It follows from
{10, Lemma 2] that

dist,(m', m)) < %(dist,,(r(z), z) + dist,(r(w), w)) = %(R(z) + R(w)).

(The quoted result is stated in [10] only for H?, but the proof works equally well in three
dimensions.) But R(m) = dist,(r(m), m)) < dist,(m’, m} by the definition of ». The lemma
follows. (]

LemMmad44. Letl, t, s, 4,0, s, oy, a_y and oo be real numbers withl 21> 0,s>5 >0
and 0 <t < 0 < 7. Suppose that (L t,s, ay), (L t,s,00_) and (I, t, 5, ag) lie in ¥ and that

P(l, t’ S, al) + p(l’ L, s, (x—l) = 2p(l7 t’ SI’ aO)'
Then the points (4, 0, s, a,), (2,0, s,a_1), and (4, 6, s, ay) are contained in ¥~ and we have

p(l’ 95 S, al) + p(ia 0, S, 0~ 1) 2 2p(i’ 05 SI’ aO)'

Proof. First note that the function ¢ is monotone decreasing in the variable [ for [ > 0,
and monotone increasing in the variable ¢ for 0 < ¢ < . Since the set ¥~ is the region in
which ¢ > 1, and since 4 <! and 6 > ¢, it follows immediately that the points (4, 6, s, ay),
(A4, 0,s,0_1),and (4, 0,5, ap) lie in ¥,

For the rest of the argument we introduce functions p{x, y) forie { — 1, 0, 1} defined as
follows:

2 cosh? s — 2 sinh? s cos a; — cosh x — cos y>

= cosh™!
p1(x, y) = cos ( cosh x — cos y

2 cosh? s — 2 sinh? s cos «_; — cosh x — cos y)

- = cosh™!
p-1(x,y) = cos < cosh x —cos y

2 cosh? s’ — 2 sinh? s’ cos oy — cosh x — cos y)

_ -1
po(x, y) = cosh < cosh x — cos y

By hypothesis we have that the inequality

p1(x, ¥y + p-1(x, y) —2po(x,y) 2 0

holds with x = I, y = t. We must show that the same inequality holds with x = A </, and
y = 0 = t. We will consider a linear path (x(s), y(s)) for 0 < s < 1 with (x(0), y(0)) = (I, t) and
(x(1), y(1)) = (4, 8). We claim that the quantity

w(s) = p1(x(s), y(s)) + p-1(x(s), ¥(5)) —2po(x(s), y(s))

is non-negative on the entire path. To establish the claim we will show that w'(s) > 0
whenever w(s) = 0. Since w(0) = 0, this implies w(0) > 0 or w’'(0) > 0. Thus if s, is the first
positive number for which w(sy) = 0 then we must have w'(so) < 0. Since this is impossible
we must have w(s) > 0 for all s (0, 1].
Since x(s) decreases monotonically while y(s) increases monotonically we must show
that the condition p;(x, y) + p—1(x, y) — 2p0(x, y) = 0 implies the inequalities
opy | Op-y 0po 5_10_1 0p-1 0po

91 _ %o d _2%0
ox e tax <0 and ot 2%,
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Computing partial derivatives with respect to x and y we find

op; — sinh x <cosh pi + 1>

dx coshx —cosy\ sinh p
dpi —siny cosh p; —1
dx coshx —cosy\ sinhp; /
If we set
coshz +1 coshz —1
P(@) sinh z and  q(z) sinh z

then to complete the proof of the claim we must prove that p, + p_, = 2p, implies
p(py) + p(p-1) > 2p(po) and q(p,) + g(p-1) < 24(po). This is shown by computing second
derivatives of p and ¢

12 _ —1\2
(co::mn; 3-i-z) >0 and g'(2) = (coshz —1)

p"(2) = <. O

sinh3 z

LemMA 4.5. Let s, so, 4 and 0 be real numbers with s,59,A >0 and 0 <0 < m. Let ¢
and n be loxodromic isometries of H® having no common fixed point on the sphere at
infinity. Suppose that ¢~ is also loxodromic, and that it has translation length >J. and
twist angle < 0. Let L denote the common perpendicular to the axes of & and y. Let z be
any point of H*, and let z, denote the foot of the perpendicular from z to L. Suppose
that disty(z, - 2) <s, disty(z,n-2) <s and disty(zo, & zg) > so. Set oy = £ (E°2,2,1°2),
a_y= (" z,2,n7 z), and w = L(& 2o, Zo, N 20). Suppose that cos o; < (tanh sg)/
(tanh s) for i = 1,0, — 1. Then we have (4,8, s, ), (4, 0, s, a_) € ¥". If in addition we have
(4, 0, 8o, ap) € ¥, then

P4, 0,5 01) + p(4,0,s,0_1) = 2p(4, 6, g, ap).

Proof. According to Lemma 4.2 , we have
So < disth(ZO, é Zo) < diSth(Z, é‘ Z) <s (451)
So < dist,(zg, 7 2o) < disty(z,1-2) < s. 4.5.2)

In particular 54 < s.
Fori=1,0, — 1 we consider the function

Ji(x, y) = cosh x cosh y — sinh x sinh y cos a;.
We have

G
e fi(x, y) = cosh x cosh y(tanh x — tanh y cos ;)
and

56; Ji(x, y) = cosh x cosh y(tanh y — tanh x cos «;).

In view of the hypothesis, it follows that fi(x, y) is monotone both in x and in y for
X,y€[S0,5] and for i=1,0, — 1. In particular we have fi(so, so) < filx, ¥) < fi(s, 5)
for x, y € [sq, 5}; i.e.

1 + (1 — cos ;) sinh? 54 < cosh x cosh y — sinh x sinh y cos «;

<1+ (1 —cos a;) sinh? s 4.5.3)



828 Marc Culler et al.

fori =1,0, — 1 andforall x, y € [so, s]. Now define 7 € Isom ,(H?) to be the rotation about
L through an angle =. We have &1 = ¢! and 1 =~ '. Hence

o= [L(tétz,z,prz) = L(EnzTtez, e 2).
If we set z; =z and z_; = 7z, it follows from the equation above and the definitions of
oo and «; that
L(é'zia Zis 7]'21’) =u; (454)
fori=1,0—1.

We also have dist,(z_, &+ z_;) = disty(t- z, £1-z) = disty(z, 187 2) = disty(z, £ 2) =
dist,(z,, ¢ - z;). Combining this with (4.5.1), and setting X; = dist,(z;, £ - z;), we get

so<X;<s
fori=1,0, — 1. Similarly, setting Y; = dist,(z;, n* z;) and using (4.5.2), we find that
S5o<Y; <5

fori=1,0, — 1.

We set D; = dist,(¢-z;,n°z,) for i=1,0, — 1, and apply the first hyperbolic law of
cosines to the hyperbolic triangle with vertices z;, £ - z; and # - z;; by (4.5.4), the angle at the
vertex z; is a;. This gives

cosh D; = cosh X; cosh Y; — sinh X sinh Y, cos o;. 4.5.5)
Since X, Y; € [so, s], we can combine (4.5.3) and (4.5.5) to conclude that
1 4+ (1 — cos a;) sinh? 5o < cosh D; < 1 + (1 — cos ;) sinh? s (4.5.6)

fori=1,0, — 1.
It follows from the definition of D; that

D; = disty(z;, "' z,).

Let [ and t denote the translation length and twist angle of £~ 5. By hypothesis we have
0 <A< land0 <t <0 < n If we define R; to be the orthogonal distance from z; to the axis
of £ ™1y, then it follows from the formula for the displacement of point under a loxodromic
isometry (see Lemma C2) that

cosh D; — cosh [

sinh? R; = '
' coshl—cost

Combining this with (4.5.6} we obtain

1 + (1 — cos a;) sinh? 5, — cosh [ <

< sinh? R, < 1 + (1 — cos a;) sinh? s — cosh l'
cosh ! —cost

cosh ! —cost

Using the identity cosh 2R = 1 + 2 sinh? R and the definition of ¢, we obtain
¢, t, s, o) < cosh2R; < (I, ¢, 5, 0). 4.5.7)

Since ¢ is monotone decreasing with respect to the first variable and monotone increasing
with respect to the second variable, we have

6 (4, 0,s,0) = p(l, t, 5, ) = cosh 2R; > 1.
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It follows that (I, t,s, ;) and (4, 6, s, ;) lie in ¥ for i = 1,0, — 1. This includes the first
assertion of the lemma.

Since (1, t, s, 2;) € ¥7, we may conclude from (4.5.7) and the monotonicity of the hyper-
bolic cosine that

ol t, s, o) = 2R, (4.5.8)

fori=1,0, —1.
[t also follows from (4.5.7) that cosh 2R, = ¢(l, t, §', %) for some §" € s, 5]. This implies
that (I, t, s, ag) € ¥~ and that

p(,t, s, o%0) = 2R,. (4.5.9)

Now let R:H?* > R denote the function that assigns to each point of H3? its minimum
hyperbolic distance from the axis of ¢~ 'y; thus R(z;) = R; for i = 1,0, — 1. According to
Lemma 4.3, R is a convex function on H?3. Since z, is the midpoint of the segment joining
zy to z_y, we have

Ry + R_; 2 2R,. 4.5.10)
Combining (4.5.8), (4.5.9) and (4.5.10), we find that
p(l, L, s, al) + p(l, LS, a-—l) 2 2R1 + 2R—l = 4RO = 2/’(’, L Sl, OC0)'

Since we have s’ <5, A <! and t <8 <, it follows from Lemma 4.4 that (4, 0, s, x;),
(4, 0,s,00_1), and (4, 6, 5, ap) lie in ¥~ and that

p(’la 0’ S, al) + p(’la 0’ S, &~ 1) 2 2p(i’ 0’ 3’9 aO)- (4511)

Let us now assume that (4, 6, s, o) € . Then since s, < s, and since ¢ is monotonically
increasing with respect to the third variable and the hyperbolic cosine is monotonically
increasing on (0, o0), we have p(4, 6, 54, %) < p(4, 0, 5, 2p). Combining this with (4.5.11) we
conclude that

p(4, 0,8, 01)+ p(4,0,s,0_1) = 2p(4, 8, s, 2o). O

LEMMA 4.6. Let ¢ be a given positive number. Let £ and v be two loxodromic isometries of
H3. Suppose that the group T generated by & and n is discrete, free on the generators & and 1,
and topologically tame. Let z be any point of H>. Suppose that

max {dist,(z, ¢ z), disty(z, n-2)} <log3 + e
Then we have

min {dist,(z, ¢ z), disty(z, -2)} > log 3 —e.

Proof. In [1, Theorem 6.1(a)] it was shown that under the hypotheses of the lemma we
have

1 1 1
1+ edist,,(z,rf'z) + 1+ edist,,(z,rrz) < 5

for every z e H?. If the conclusion of the lemma is false then one of the two quantities
dist(z, £- z) and dist,(z, - z) is less than log 3 — ¢ while the other is greater than log 3 + «.
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Hence
1 + 1
1+3 1+37¢

1
<=, 6.
: (4.6.1)

But the left-hand side of (4.6.1) can be written in the form

1+ 3coshe
5+ 3coshe’

which is monotonically increasing function of ¢ and takes the value § at 0. This contradicts
(4.6.1) since the given value of ¢ is strictly positive. O

LEmMMA 4.7. Let ¢ be a positive number less than log 3. Let & and n be isometries which
generate a subgroup of Isom (H3) which is discrete, free of rank 2, purely loxodromic and
topologically tame. Let z be a point of H3 such that

max {dist,(z, £ - z), dist,(z, - 2)} <log3 + «.
Then we have

cosh?(log 3 + &) — cosh(log 3 — ¢)
sinh?(log 3 — &) '

cos/ (E-z,z,n2) <

Proof. Since max{disty(z, £ z), disty(z, n- z)} < log 3 + ¢ it follows from Lemma 4.6 that
disty(z, - 2) > log 3 — ¢) and dist,(z, £+ z) > log 3 — ¢). On the other hand, since ¢ and £~y
generate the same group as ¢ and #, we may apply Lemma 4.6 with &~ !z in place of # to
conclude that dist,(z, &n~ '+ z) > log 3 — &. Now consider the triangle with vertices z, ¢z
and n-z. The sides adjacent to the vertex z have lengths X = dist,z, ¢z) and
Y = dist,(z, -z) . The third side has length D = dist,(¢-z, n-z) = dist,(z, ¢~ 5" z). Since
X and Y lie in (log 3 — ¢,log 3 + ¢) and since D > log 3 — ¢, the first hyperbolic law of
cosines gives

_ cosh X cosh Y —cosh D <

cosh?(log 3 + &) — cosh(log 3 — ¢)
sinh X sinh Y h '

sinh?(log 3 — ¢)

0S8 o

g

4.8. Proofof Theorem4.1. Let L denote the common perpendicular to the axes of £ and
1. Let z, denote the foot of the perpendicular from z to L. Let us set oo = £ (&* 2o, 2o, 1 * Z0).
We must have o, = f; for if oy were < f, then since (B, ¢) € 2, it would follow from Theorem
3.1 that max{dist,(z, £ z), disti(z, n-z)} > log 3 + ¢, a contradiction to the hypothesis of
Theorem 4.1.

We shall apply Lemma 4.5, taking s = log 3 + ¢ and s, = log 3 — &. By hypothesis we
have dist,(z, ¢-z) < log 3 + & According to Lemma 4.2 we have

disty(zo, & 20) < disty(z, £ 2) < log 3 + &

Hence by Lemma 4.6 we have dist,(zq, 7 2¢) > log 3 — .

In order to apply Lemma 4.5 we must still check that for i =1,0, — 1 we have
cos o; < (tanh(log 3 — ¢))/(tanh(log 3 + ¢)). To this end we observe that by Lemma 4.7 we
have a; = cos/ ({2, 2,7 z) < a, where

4 cosh?(log 3 + ¢) — cosh(log 3 — ¢)
h sinh?(log 3 — ¢) '
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Applying Lemma 4.7 with ¢~! and n~! in place of ¢ and # gives a_; < a; and the same
lemma, with z, in place of z, gives oy < a. Now recall that from the definition of &, we have
£ < &,. Hence a < a,,, where

__cosh?(log 3 + ¢,,) — cosh(log 3 — &)

= 0.80060 ... .
°° sinh?(log 3 — &)
Thus we have a; <afori= 1,0, — 1. But
(tanh(log 3 — ¢)) S (tanh(log 3 — &) 095591 . >a

(tanh(log3 + &) (tanh(log 3 + &)

Hence we indeed have cos o; < (tanh(log 3 — ¢))/(tanh(log 3 + ¢) fori = 1,0, — 1.

It now follows from Lemma 4.5 that (4, 6,log 3 + ¢, a,) and p(4, 0,log 3 + ¢, a_;) lie in
¥". Now suppose that (4,6,log3 —¢, f)e #". Since oy = f, and since the function ¢ is
monotone increasing in the fourth variable, it follows that (4, 8, log 3 — ¢, ap) € ¥~ and that

p(4,0,log 3 — ¢, a0) 2 p(4, 0,l0g 3 — ¢, ).

Since (4, 6, log 3 — ¢, ap) € ¥7, Lemma 4.5 gives

p(4,0,log3 + e, 00) + p(4,0,log3 + ¢, 0-1) = 2p(4, 0,log 3 — ¢, ap).
Combining the two inequalities above, we conclude that

p(4,0,log3 + ¢ 0;)+ p(4,0,log3 + e 0a_1) =2p(4 0,log3 —¢ p),
and the theorem is proved. O

We now specialize Theorem 4.1 to the case which was needed to prove Theorem 1.1.
Recall, from Section 1, that g, = 0.0065, and that
{a € [0, ]| p(Ao, 7, log 3 + €0, @) = 1} = [a_, 7).
By comparing the definition of ¢ in Section 1 with the definition of p we find that
a(o) = p(Ao, 7, log 3 + &, @)
for a € (a— », ). Also recall from Section 1 that the constant
K =1.30822

is defined so that p(io, 7, log 3 — &0, Bo) = cosh ™ (Ao, 7, log 3 — &o, Bo) > K. Moreover,
the point (B, &o) lies in the region 2 since we have:

(1) f(Bo, ) = 0.23139 ... >0
(2) g(9e®™, 1 — E(eo), f (Bo, £0)) = 0.98623 ... < 1; and
(3) I(Bo, £o) = 0.03964 ... < 0.08292... = 1E(e,).

Here we have computed I(f,, &¢) = (1/8 m)1(fo, €0) using Proposition B1. Thus by specializ-

ing Theorem 4.1 we obtain:

COROLLARY 4.9. Let £ and n be isometries which generate a subgroup of Isom . (H?) which
is discrete, free of rank 2, purely loxodromic and topologically tame. Suppose that £~ 'y has
translation length > Aq. Let z be a point of H? such that

max {dist,(z, & z), dist,(z, n-2)} <log3 + ¢o.



832 Marc Culler et al.

Seto, = ((¢-z,z,n2)and o_y = L (67 z,z,n7 1 z). Then «; and «_, lie in the interval
[ot- o, m] and
o(oy) + o(e-1) > 2K.

We conclude this section by proving another result that was used in the proof of
Theorem 1.1. It is similar in flavor to the above resuits, although independent of them.
Recall that we define the function w(4, A) for A > 1 >0 by

- 2(cosh A — 1)
- {1 _
(4, A) = cos <1 osh A1 )
ProposiTioN 4.10. Let A and A be positive real numbers. Let £ be a loxodromic isometry
of H? with translation length > A, and let z be a point of H* such that dist,(z, £ -z) <A. Then
we have [ (671 z,2,¢-2) > w(4, A).

Proof. We let | and 6 denote the translation length and twist angle of ¢, so that &2 has
length 2! and twist angle 26. We set D = dist,(z, ¢ -z) and D’ = dist,(z, £* z), and we denote
by R the distance from z to the axis of & (which is also the axis of £2). In Appendix C we
derive a formula for the displacement of a point of H* under the action of a loxodromic
isometry. According to Lemma C2 we have

cosh D — cosh [

inh? R = ———M———
sin cosh ! —cos 0
and likewise

cosh D' — cosh 2]
cosh 2] —cos 20~

sinh?R =

Hence

h D — cosh [
cosh D7 = SO T COSRE 0 oh 21 — cos 26) + cosh 21. (4.10.1)
cosh | — cos 6
Now consider the triangle with vertices z, ¢-z and ¢~ !-z. The sides adjoining the vertex
z have length D, and the third side has length dist, (671 2, &-z) = dist, (z,%z) =D
Setting w = / (¢~ '-z, z, ¢+ z) and applying the first hyperbolic law of cosines we find that

cosh D’ = cosh? D — sinh? D cos w = 1 + sinh? D(1 — cos w).
Combining this with (4.10.1) we obtain

1
1_coswzsinth<

cosh D — cosh [
cosh ! — cos 8

{cosh 2] — cos 20) + cosh 2] — 1>

=D {{cosh | + cos 9)(cosh D — cosh I) + cosh? | — 1)

> _ _ 2
ZSoh’D ((cosh I — 1)(cosh D — cosh [) + cosh? [ — 1)

_ 2(cosh I —1)

hD+1 hl—-1)=
(cos + 1)(cosh I ) oshD — 1

T sinh? D
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Since 0 < D < A and [ > A, it follows that

| — cosw> 2(cosh 4 — 1)
coshA—1"~
which is equivalent to the conclusion of the proposition. O

5. GEOGRAPHY

This section is devoted to the proof of the proposition about configurations of eight
points on the sphere which was used in the proof of Theorem 1.1. Recall that the constants
8o =0.71497n, K =1.30822 and «_, =0.80060 ... were defined in Section 1. Recall also
that the function ¢ has domain [« _ ,, 7]. By inspection of the definition of ¢ in Section 1 one
sees that for every x > a_,, we have

o(x) = cosh™1(4 — B cos(x)) (5.0.2)
where the constants A and B are defined by

_ 2cosh?(log 3 + &) — cosh 4o + 1

A
cosh A4g + 1

= 198717 ...

_ 2sinh?(log 3 + &)

=141781 ....
cosh 4 + 1

The main result of this section, which was quoted in Section 1, is the following.

ProposiTION 5.1. Suppose that we are given an indexed family

(P(i,u))(i,u)e{O,I,Z,S}x (—11}

of points in S2. Assume that for any two indices (i, u) and (j,v) in {0,1,2,3} x { — 1, 1} with
i # j, we have disty(P 4, P, »)) > o . Then either

(i) there is an element i of {0, 1,2, 3} such that dist(P, 1), Py. 1)) < 6o, OF
(ii) there exist indices (i, u) and (j, v) in {0, 1, 2,3} x { — 1, 1}, with i # j, such that

o(disty(Pg,u, Pyj.ny)) + o(disty(Py, —uy, P, -0) < 2K.
We will need a formula for the distance between two points on the unit sphere. We use
the conventions established in the introduction. If P and P’ are points of S?, the spherical
distance dist,(P, P’) is equal to the angle between the (unit) position vectors of P and P’ in

R3.IfP, P ¢ {N, S}, so that @(P, P’) is defined, we find by writing down the inner product
and using the identity cos(f — 8') = cos @(P, P’) that

cos disty(P, P') = cos A(P) cos A(P') cos ®(P, P’) + sin A(P) sin A(P’).

Proposition 5.1 is deduced by a combinatorial argument from three estimates which are
stated below as Lemmas 5.2, 5.7 and 5.8.

LEMMA 5.2. Let P, P’, Q and Q' be points of S*. Suppose that

(a) Q and Q' lie on a common meridian and 0 < A(Q) = — A(Q"),
(b) dist,(P, P’) > 6, and disty(Q, Q') = 24(Q) > J,,
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(c) disty(P, Q), dist,(P’, Q'), dist,(P’, Q)) and dist(P, Q') are all > a_.,
(¢ a(disty(P, Q) + a(dist,(P', Q') > 2K, and
(c")a(dist(P', Q) + o(dist(P, Q') > 2K.

Then | A(P)| and | A(P’)| are less than w/6.
Lemma 5.2 will follow from the next three lemmas.

LEmMa 5.3. Let a and b be positive real numbers. If |a — b| < 1 then the function
cosh™!(a — b cos x) has negative second derivative at each point in the interior of its domain.

Proof. We may assume that a + b > 1 since otherwise the domain has empty interior.
One checks that the second derivative is given by

— q(cos x)
({a — b cos x)? —1)%?

where ¢ is the quadratic polynomial function given by
q(t) = ab** — (a®b + b> — bt + ab?.

Thus it suffices to check that the polynomial g is everywhere positive. Clearly ¢(0) > 0, and
the discriminant of g is

b*(1 —(a + by*)(1 —(a — b)?),
which is negative since a + b > 1 and |a — b| < 1. O
We let A’ denote the function given by 4'(x, y) = A — 2B sin x sin y.
LemMa 5.4. Let P, Q, and Q' be points on S*. Assume that Q and Q' lie on the same

meridian and that 0 < A(Q) = — A(Q'). Assume also that disty(P, Q) > a_ . Then
o(disty(P, Q)) = cosh™!(A'(A(P), A(Q)) — B cos dist,(P, Q")).

Proof. This follows directly from (5.0.2) and the identity
cos(dist,(P, Q)) = cos(dist(P, @')) + 2 sin A(P) sin A(Q).
The identity is an immediate consequence of the spherical distance formula, given that

MQ) = — A(Q). O

LEMMA 5.5. Let P, Q, and Q' be points on S*. Assume that Q and Q' lie on the same
meridian and that 6o/2 < A(Q) = — A(Q’). Assume also that dist(P, Q) = o_,, and that
A(P) = w/6. Then 21 — oy — disty(P, Q") = ., and

a(disty(P, @) + a(2rn — dp — dist(P, Q') < 2K.
Proof. Our hypothesis on the latitudes of Q and Q' implies that dist,(Q, Q') > J,. Since
the perimeter of a spherical triangle is at most 2n we have
2n — 6o — disty(P, Q') = 2n — dist(Q, Q') — dist(P, Q') = dist (P, Q) = a_ .

In particular, the left-hand side of the inequality in the conclusion is defined.
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It foliows from the spherical distance formula that if the configuration of the three points
P, Q and @' is modified by moving these points along their meridians toward the equator
while preserving the condition A(Q) = — A(Q’), then dist(P, Q) increases while dist(P, Q")
decreases. Hence it suffices to consider the case where A(P) = n/6 and A(Q) = d,/2. Then the
expression a(dist,(P, Q)) + 6(2n — dp — disty(P, Q') is defined and, by (5.0.2) and Lemma
5.4, 1s equal to

cosh™ 1(A'(A(P), AQ)) — B cos dist,(P, Q")) + cosh™ (4 — B cos(2n — d, — dist,(P, Q).

We will use A’ to denote the quantity A'(n/6, 8,/2) =0.70911 ... . It follows from Lemma
5.4 that the left-hand side of the inequality in the conclusion of the lemma is given by
f(dist,(P, Q')), where

f(x) = cosh™' (4" — B cos(x)) + cosh™ (4 — B cos(2n — Jy — x)).

Thus it suffices to show that f(x) < 2K for all x in the intersection of the domain of fwith the
interval [0, n]. (This intersection is easily seen to be an interval, which we will denote J.)
Note that f”(x) < 0 for all x in J, since Lemma 5.3 implies that each of the summands of
S has negative second derivative on the interior of its domain.

To complete the proof we give a numerical estimate of the maximum value of fon J. To
make the estimate we will exhibit two points x; and x, with x; < x, such that f'(x,) > 0,
andf’(x,) < 0. By the concavity of f we then know that f(x) < f(x;) + f'(x1)(x, — x,) for all
xin J.

We set

xy =2.3; x, =24
We then have
f(x1)=252535...; f'(x1)=009792...;  f'(x,) =0.11091 ...;
S+ (x1)(xa — xq) =2.53541 ... < 2K =2.61644.

This completes the proof of the lemma. O

3.6. Proof of Lemma 5.2. Because of the symmetry of the hypotheses, it suffices to
show that |A(P)| < /6. Assume to the contrary that | A(P)| = n/6. Then in view of hy-
potheses (a)—(c), we may apply Lemma 5.5 to deduce that 2x — 3, — dist(P, Q') > a_, and
that

o(disty(P, Q) + (21 — 8o — disty(P, 0')) < 2K.

On the other hand, using hypothesis (b) and the fact that a spherical triangle has perimeter
at most 2n, we find that

2n — 8o — dist (P, Q') > 2n — dist(P, P’) — disty(P, Q') = dist(P’, Q').
Hence
a(dist,(P, Q)) + a(dist(P’, Q') < 2K.

But this contradicts hypothesis (c'). O

We need two more lemmas for the proof of Proposition 5.1.
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LemMMa 5.7. Let 0 <A <7t and 0 < A < /2 be constants. Suppose that R and R’ are
points of S* such that | A(R)| and | M(R')| are less than A, and disty(R, R') > A. Then
cos(A) + sin? A

O(R, R’
cos O )< cos? A

In particular, if |A(R)| and |A(R’)| are less than n/6 and dist(R, R') > d, then
O(R, R') > 2n/3.
Proof. We have

. cosdist(R, R') — sinA(R) sin A(R’) _cos A — sin A(R) sin A(R’)
= < .
cos O(R, R') cos A(R) cos A(R') cos A(R) cos A(R")

We consider the function

cos A —sinxsin y
f(x’ y) =
COS X COS

= c0s A sec x sec y — tan x tan y.

One checks by elementary calculus that f is differentiable in a neighborhood of the
rectangle [ — A, A] x[— A, A], that f has only one critical point in the interior of the
rectangle, which is a saddle located at the origin, and that the maxima occur at the two
points + (— A, A). This gives the first conclusion.

Direct computation shows that

cos ¢ + sin® /6 1
—— = —0.50022... < —3.
cos? /6 <72

The second conclusion follows. O

LeEmMA 5.8. Let P, P', Q and Q' be points of S*\{N, P}. Suppose that both dist,(P, Q) and
dist,(P'Q’) are greater than a_ ,, and that

o(dist,(P, Q) + o(dist,(P’, Q") > 2K.
Suppose further that | A(P)|, | A(Q)|, | A(P")| and | A(Q")| are all less than 1/6. Then
©(P,0) + O(P, Q) > 3.

Proof. Applying Lemma 5.7 with P and Q playing the roles of P and P’ in the latter

result, and taking A = n/6 and A = dist,(P, @), we obtain

cos dist(P, Q) = 3cos @(P, Q) — &.
Similarly,
cos dist,(P’, Q') > 3 cos O(P’, Q') — %.

Recall that o(x) = cosh™ (4 — B cos x). Since B> 0 we have that ¢ is monotone in-
creasing on the intersection of its domain with the interval [0, n]. Thus by the inequalities
above,

o(disty(P, Q)) < cosh™1((4 + 2 B) — 2B cos O(P, Q)
and

o(dist,(P’, Q') < cosh™ (A + 3 B) — 2B cos @(P’, Q"))
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We define a function on the interval [0, =] by f(x) = cosh™ (4 + 1 B) — 2 B cos x). Note
that A — 1B > 1, so this definition makes sense. The inequalities above show that

fO(P, Q) + (0P, Q) = a(disty(P, Q) + o(disty(P’, Q) > 2K. (5.8.1)

The function f is monotonically increasing, and we have f(0)=0.72972... and
f(m) =1.89609 ... while 2K —f(0) =1.88671... and 2K — f(¥) =0.89958 ... . It follows
that f “'(2K — f(x)) is defined for all x in [0, '], so we may define a monotonically
increasing function g on the interval [0, ¥] by g(x) = ¥ —f 'K — f(x)).

We now assume, contrary to the conclusion of the lemma, that

O, Q) +O(P, Q)< ¥

By symmetry we may also assume that @(P, Q) < 3.
From the inequality (5.8.1) and the monotonicity of f we conclude that

2K ~f(O(P, Q) <f(O(P, Q) < (5 — O(P, Q)

Since 2K — f(®(P, Q)) is in the domain of the increasing function f ~! we have

fTIeK —f(OP. Q) <F - 0P, Q)

and hence that
g(O(P, Q) =F — 72K —f(O(P, 0))) = O(P, Q).
Since the function g is increasing and
g3 =1.54878 ... e [, 5] < [O(P, 0), ¥,

we have shown (under our assumption) that g maps the interval [@(P, Q), %] into itself. In
particular for every positive integer k the kth iterate g*(m/3) is positive. But this leads to
a contradiction because direct computation shows that g>(§) = —0.30973... <0. O

5.9. Proof of Proposition 5.1. Suppose that we are given an indexed family

(P(i,u))(i.u)e 0,1,2,3} x { — 1,1}

of points in S? for which conclusions (i) and (ii) of 5.1 both fail to hold. Thus the (P )
satisfy the following conditions:

(i) for every i€ {0, 1, 2, 3} we have dist,(P, 1), Py 1)) > do; and
(-il) for every two indices (i, u) and (j, v)in {0, 1, 2, 3} x { — 1, 1} such that i # j, we have

G’(dists(P(i’u), P(j; ,)))) + O'(diStS(P(i’_ u)» PU, _v))) >2K.

We shall derive a contradiction.

After a rotation of the sphere we may assume that P, ;) and P _ ) lie on a common
meridian, that A(P, 1) > 0 and that A(P, - 1)) = — A(Po, - 1))- Since conditions (-i} and (-ii)
are open, we may assume after perturbing the remaining (P ,) that none of the six points
P, + 1y P2, + 1y Pea, + 1y has latitude 0 and that no two of these six points lie on a common
meridian. In particular these six points are distinct.

Let us consider any index i € {1, 2, 3}. We wish to apply Lemma 5.2, taking P = P; ,,
P'=Py -1, 0=Py yand Q' =Py, _,;,. We have arranged that P ;, and Py, _y, lie on
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a common meridian, that (P, ,,) = 0 and that (P, ~)) = — A(Po, - 1)) Thus hypothesis
(a) of 5.2 holds. Hypothesis (b) follows from condition (-i) above, while hypothesis (c)
follows directly from the hypotheses of the proposition. Hypothesis (¢') of 5.2 is simply
condition (-ii) above with the given i € {1, 2, 3} and with u = 1, j = 0 and v = 1. Likewise,
hypothesis (¢”) is condition (-ii) with the given i and withu = 1,j = 0 and v = — 1. Thus, for
each (i, u) e {1,2,3} x { — 1, 1}, we have | A(P; ,)| < 7/6.

Now consider any two indices (i, u), (j, v) € {1, 2, 3} x {— 1, 1} such that i 3 j. We shall
apply Lemma 5.8 taking P = Py; ), @ = P, P' = Py, —up, @' = P(;, ). According to (-ii) we
have

O'(dists(P(,-‘,,), P(j‘v)) + O'(diStS(P(,-, —u) Pj, —v)) > 2K
O'(dists(P(,"u, P(j' —v)) + U(diStS(P(,', —up P(j,v)) > 2K.

On the other hand, we have that A(P; ), /(P ), A(Pg, —y), and A(P; _,,) are all less than
7/6. Thus the hypotheses of 5.8 all hold, and it follows that

OPyiuy Pjivy) + OPyi.—up Pij.-v) > 5. (59.1)

For each (i, u) € {1, 2, 3} x {— 1, 1}, the hypothesis of Lemma 5.7 holds if we set P = P; ,,
and Q = Q. -, Hence we have

O(Pys,up P, —w) > ¥ (5.92)

Recall that ¢ is the retraction with meridian fibers from S*\{N, S} to the equator. We set
Lo = £ (Pg,w) for each (i, u) € {1, 2, 3} x { — 1, 1}. The six points {5, + 1 {2, + 1 {ia, £ 1) aT€
distinct because no two of the six points Py, 4 1), P2, + 1) P(s, + 1) lie on a common meridian.
The six-element set Z = {{.,y: (, u) € {1,2, 3} x {— 1, 1}} has two natural fixed-point-free
involutions. The first, which we denote 1,, is defined by 71, w) = (i - To define the
second involution, which we denote by t,, we observe that since Z is a six-element subset of
S, there exists for each { € Z a unique {' € Z such that each component of S™\{{, ('}
contains exactly two elements of Z\{{, {'}. We set 7,({) = {’. We consider two cases.

Case 1. The involutions t, and 1, coincide. In this case we may assume, after relabeling
some of the P, if necessary, that as one circumnavigates S in the counterclockwise sense
beginning with (), the {; , appear in the order

C(l, 1) C(Z,l)a C(3. 1) C(l, —1p C(Z, - 1) C(3, =1)

(The relabeling may involve permuting the indices i = 1, 2, 3 and, for certain values of i,
interchanging the labels of P; _;, and Py 1))

To unify the notation we set Py ,, = Py, -, and {4 , = {1, -, for u = £ 1. The points of
the set Z divide S' into six arcs Aq. +1) » 4@, + 1) Aa, + 1) Where Ay, has endpoints
Ciw and (i, for i = 1,2, 3. The length of the arc 4 ,, is greater than or equal to the
circular distance between its endpoints, which by definition is ©(Py;, ), Py +1,4). Hence

3 3
2n =) length A, ) + ) length A; _,,
i=1 i=1

13

3
®(P(i,1)a P(H-l,l)) + z ®(P(i,—1)9 P(i+1,—1))

1 i=1

Mo

>

i

Mo

(®(P(i,1)a P(i+1,l)) + ®(P(i,—1)a P(i+1,—1))'

i=1
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But it follows from (5.9.1) that
®(P(i, 1) P(i+ 1,1)) + ®(P(i. —1) P(i+ 1, ~1)) > %

for i =1, 2, 3. Thus we have a contradiction in this case.

Case 2. The involutions t,; and 1, are distinct. In this case we may assume, after
relabeling the Py, if necessary, that t,({; 1)) = ({4, -1y is distinct from 7,({;, 1))
that is, some component A4 of Sl\{C(l,l), {i1.-1)} contains at least three points of
Z\{{1.1p (1. - 1y}- Hence for some p € {2, 3}, the arc A contains {, ;, and {, -, After
further relabeling the P, if necessary we may assume that A contains (. ;, and
{(2,~1) Then the four element set Z' = {{; ,,: i€ {1,2},ue {— 1, 1}} divides S* into four
arcs By, B,, C;, C_,, where B; has endpoints P ;) and P; _;), and C, has endpoints
Py, and Py ,.

Reasoning as in Case 1, we find that

2n = length B; + length B, + length C; + length C_,
2 O(Py,1y, Pa,-1) + OPa,1), P - 1) + O(P.1y, P2, 1) + O(Pyy, -1y, Pia - 1))

But we have
O(Py. 1y Pa.1y) + OPy. -1y, P, -1)) > F
by (5.9.1), and by (5.9.2) each of the terms @(P; ), P(1, —1)) and ©(Py 1), P2 — 1)) is > Z

Thus we have a contradiction in this case as well. O
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APPENDIX A. MONOTONICITY OF ¢

In this appendix we prove the following monotonicity statement, which was needed in
the proof of Theorem 3.1. The definition of the function g and the domain ¥ appear
immediately before the statement of Theorem 3.1.

LemMMmA Al. Let g,, g., g. denote the partial derivatives of g with respect to the first, second
and third variables, respectively. The function g, is positive everywhere on 4. The functions
g, and g, are positive at every point (X, u, t)€ % such that u <3 and t > 2.

Proof. On the set 4 we define functions A = A(x,t), B = B(x,u) and C = C(x, u, t) by
A=1+tx—1),B=1+u(x—-1)andC=1+ (2u—1)(x —1).Sincex >land 0 <t <u
for (x,u, t) e 4, we have 0 < A < B < C on 9. The definition of g may be rewritten in the
form

tx (u—1t)x

)=—
g(x,u, t) <1t B

+ u.

Differentiating with respect to ¢, we find that

X X

gt(xa u, t) =P —?

and the right-hand side is positive on ¢ since 0 < 4 < B. This proves the first assertion.
Retaining the assumptions (x,u,t)e %, u <% and t > %u, we now differentiate with
respect to u. We obtain

g6 ut) =1+ E;C—Z (BC — (u — t)(x — 1)(2B + C)).

In order to show that g,(x, ©, t) > 0, it certainly suffices to show that

BC —(u—1t)(x —1)(2B + C) > 0.
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Again using that 0 < B < C, that x > 1 and that t < u, we find that
BC—(u—1t) (x—1)(2B + C)> C(B —3(u—1t)(x —1)).
Now, again using the definition of B and the inequalities x > 1 and 3t < u, we find that
B—3u—t(x—1)=1+(x—1)(3t —2u) > 0.

Thus g,(x, u, t) is indeed positive.
Differentiating with respect to x we find that g, is a rational function in x, u and ¢t with
denominator (ABC)?. We introduce a new variable v = t/u and define

h(x’ u, U) = (A(x’ u, uv)B(xs u, uv)c(x’ ua uv))zgx(xa u, uv)‘

It suffices to show that h(x,u,v) >0 for all x >0 and for all (u,v) in the rectangle
R={wv0<u<i<v<l}
We find, with the assistance of a symbolic computation program, that

pi(u, v)x'

™+

h{x, u, v) =

0

where
Po =u(l —u)(vu +1 —2u)(1 — vu)(1 — v —v*)Q2u — u?))
Py =40u(2 — v)(u — 1)*>(1 — vu)(vu + 1 — 2u)
p2 = u(— 6v* + 240 —24v%)u? + (6v* — 240° + 1207 + 24v)u?
+(—2v* + 8v® + 8v? —320)u + (— 802 + 160 —2))
Py =4vu*(2 — v)(1 — vu)(vu + 1 — 2u)
pa =032 — )2 — v — vH)(1 + w).

Using the inequalities 2v — v? < 1 and 2u — u? < 3 one checks easily that po, p;, p3 and
p, are positive for (u, v) € R. It remains to show that p, is positive for (u, v) € R. For this it
suffices to show that

qu, v) = (— 6v* + 240> — 24vH)u® + (6v* — 2403 + 120% + 24v)u?
+ (—2v* + 80 + 8% — 320)u + (— 80 + 16v —2)

1s positive. We will show that g,(u, v) <0 and ¢, u, v) >0 for (4, v)€ R and thus that
qu,v) > q(3,3) =355 for (4, v) e R.
Differentiating, we find that

gu(u, v) = — 202 — v)(2 + v — 3vw)(Bvu + (4 — v — 6u)).

Thus by inspection g, < 0 for (u, v) e R.
Finally we have

g, = (=30 + 90 — 16v)u> + (3v* — N? + 3v + 24)u?

+ (=03 + 302+ 20 —2u + (2 —20).
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One checks that the coefficient of u® is negative for% < v < 1 and hence, since u> < u?, we
have

g0, v) = (24 —130)u? + 3v? —v¥)u + (2 — 20)(1 — u).

The right hand side of this inequality is positive for v < 1 and 0 < u < 3. This completes the
proof of the lemma. O

APPENDIX B. INTERSECTIONS OF SPHERICAL CAPS

In this appendix we use the Gauss—Bonnet theorem to derive a formula for the area of
the intersection of two spherical caps. This formula was needed in the proof of Corollary 4.9.
Recall that 1(a, rq, r,) denotes the area of the intersection of two spherical caps C(Py, r;) and
C(P,, r,), where P, and P, are two points of S such that dist,(Py, P,) = .

We shall denote by % the region in R> consisting of all points (x;, X3, X3) such that
0 < x;<mfori=1,2,3 and such that x; + x, > X3, X, + x3 > x; and x3 + x; > Xx,. For
any (xy, x2, X3} € % we have

COS X3 — COS X1 COS X;

~-1< < 1.

sin x, sin x,

Hence we may define a function J:% — (0, 1) by

COS X3 — COS X COS x2>

J(xy, X3, X3) = arccos - -
sin x; sin x,

Note that the region % is by definition invariant under permutations of the coordinates of
R3 hence for any point (x, x;, x3)e% and any permutation me %; we have
(Xrn(1)» X2y Xn(3)) € %, 50 that J(Xx1y, Xn(2p Xn(3)) 18 defined.

We shall prove:

ProposiTiON Bl. Let o, ry,r, be numbers in the interval (0,7). If ry +r, <o then
o, r,r2) =0.If ri + a <1y o 1o + a <1y then i(a, ry,75) = |cOs ry — cosry|. Finally, if
(ri, 72, o) € U then

1(rq, ray @) =21 — 2(J(ry, o, 72 cOS ¥y + J(rp, o, 71) cOS 1y + J(ry, F2, @)

Suppose that Py, P, are points in S* and that r,, r, are numbers in (0, 1). Let us set
C;=C(P,r) and a = dist,(Py, P;). It is clear that Int C;nIntCy =0 if and only if
r; 4+ r; < a. Furthermore, we have C; < C, if and only if r; + o < r,; in this case, since
C; has area 2n(l — cosr), we have i(ry, ry, #) = 2n(cos r, — cos ry). Similarly, we have
C, < C, if and only if r, + « < ry, and in this case 1(ry, ry, @) = 2n(cos r, — cos r;) and
likewise C, c C, if and only if r, + o < ry. This establishes the first two assertions of
Proposition B1, and also shows that the boundary circles of C,; and C, cross if and only if
(r1, 72, ) € %. In this case it is clear that 4; = 6C;nC, and A, = dC, N C, are arcs and that
C,nC, is a topological disk whose boundary A, U A, consists of two smooth arcs. We shall
refer to such a configuration as a digon.

The rest of the section is devoted to the proof of the final assertion of Proposition Bl.
The proof depends on Lemmas B2 and B3 below.

At certain points in the proof it will be necessary to keep track of orientations. We shall
always give S the orientation induced from the restriction to the unit ball of the standard
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orientation of R*>. When we consider a spherical cap C(P, r) we shall always give it the
orientation obtained by restricting the orientation of S%. This orientation of C(P, r) induces
an orientation of dC(P, r).

LEMMA B2. Let Py, P, be points in S2, let ry and r, be numbers, set o = disty(P,, P,), and
suppose that (rq,ry, a)e %. Then length of the arc OC(Py,r|)nC(P,,1;) is equal to
2J(ry, o, ry) sin ry. Furthermore, the exterior angles of the digon C(Py, r,) are both equal to
J(r, 1, ).

Proof. Set C; = C(P;,r;). Let Q and Q' denote the endpoints of A4. It is clear that the
exterior angles of C;"C, at Q and Q' have the same value ¢. Let p;, g and ¢’ denote the
position vectors of P; and Q in R®. We have

cos r, = cos dist(Q, P,) = q* P; (B.2.1)

where - denotes the scalar product.
Let 0C; be given the orientation induced from the orientation of C;, and let v; denote the
unit tangent vector to C; at Q which is positive with respect to this orientation. We have

Uy U = COS &. (B.2.2)

Note that g is orthogonal to S? and hence to the v;, and that p; is orthogonal to C; and hence
to v;. The angle between p; and ¢ is dist,(P;, Q) = r;. In view of our orientation conventions,
it follows that

v; = (cscr)pi X q (B.2.3)

where x denotes the vector product.

After a rotation of the sphere, we may assume that P, is the north pole and that P, has
longitude 0 and polar angle «. Thus p; = (0, 0, 1) and p, = (sin a, 0, cos a). The endpoints of
the arc A = 0C;nC, have polar angle r;, and their longitudes are opposite in sign and
equal in absolute value. Thus we have

q = (sin rq cos 8, sin ry sin 6, cos 1),
Q' =(sinr, cos 8, — sin ry sin 6, cos r,).
After a reflection of the sphere we may assume that 6 > 0. From (B.2.1) we obtain
cos r, = (sin 7y cos 6, sin r, sin 6, cos ry) - (sin «, 0, cos )
which implies that
0 =J(ry, o r). (B.2.4)

Since the circle dC(P,, r1) has Euclidean radius sin r,, and since the arc A subtends an angle
of 20 = 2J(r,, a, r,) in this circle, the length of A is 2J(ry, a, ry)sinr;. This is the first
assertion of the lemma. From (B.2.3) we have

1
v =

== (az, —a;, 0)
sin r

1 . .
Uy = — (a; cosa, — ay cos o + a; sin o, — a, sin «).
sinr,
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Computing the scalar product of the v; from these expressions and substituting the value of
0 given by (B.2.4) we find that

COS & — COS ¥y COS Fy

Uy Uy = N Y
sin ry sSin r,

which by (B.2.2) implies that ¢ = J(ry, r,, o). O

The next lemma gives the geodesic curvature of the boundary of a spherical cap. Recall
that geodesic curvature is a signed quantity and that its sign depends on both an orientation
of the curve and an orientation of the ambient surface. We have already fixed an orientation
of $2.

LEMMAB3. Let P be any point P € S and let any r be any number in the interval (0, 7). Let
us regard the circle 0C(P, r), as an oriented curve in S* with the orientation induced from that
of C(P, r). Then 0C(P, r) has constant geodesic curvature cot r.

Proof. Since the stabilizer of C = C(P, r) in the group of orientation-preserving isomet-
ries of S? acts transitively on the points of 6C, the geodesic curvature of 6C is a constant .
Since &C is a Euclidean circle of radius sin r, its length is 2x sin r. On the other hand, C(P, r)
has area 2m(l —cosr) and constant Gaussian curvature K = 1. According to the
Gauss—Bonnet theorem we have

eC

2n = 2x(C(P, r)) = J K + J K =2n(l —cosr)+ 2nk sinr
C
from which the conclusion follows. O

B.4. Proof of Proposition Bl. By the remarks following the statement of the Proposi-
tion, we need only consider the case («, rq, r,) € %. Let P, and P, denote points of S? with
dist(Py, P;) = a. Again by the remarks following the statement, the boundaries of
C, =C(P,r;)and C, = C(P,, ry) cross, and G = C; " C, is a digon. Its boundary consists
of two circular arcs A, = 0C,nC, and A, = dC,nC,, which by Lemma B2 have lengths
Iy =2J(ry, a,r,)sinry and I, = 2J(r,, 2, #) sin r, respectively. Let us fix an orientation on
S2, so that G and the C; inherit orientations. We give A; the orientation induced from G,
which is the same as the one induced from C;. By Lemma B3, 4; = dC; has constant
geodesic curvature k; = cot r. The digon G has constant Gaussian curvature K = 1, and its
exterior angles are equal to & = J(ry, r,, &) by Lemma B2. By the Gauss—-Bonnet theorem we

have
2n = 2ny(G) = K area(G) + ik, + Lk, +2¢
= o, ry, 1) + 2J(ry, o, ry) cosry + 2J(ry, o, ry) cos vy + 2J(ry, s, 1),
which implies the conclusion of the proposition. |}

APPENDIX C. A PATH OF 2-GENERATOR GROUPS

In this appendix we prove the remaining result that was required for the proof of
Theorem 3.1. We give a construction of certain 1-parameter families of 2-generator sub-
groups of Isom,(H?3); these paths were used in the proof of Theorem 3.1 for the
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reduction to the case of groups which admit no non-constant invariant super-harmonic
functions. In this appendix we also derive a formula, which is included in Lemma C2, for the
displacement of a point of H? under a loxodromic isometry. This formula was used in
Lemma 4.2 and Proposition 4.10 as well as in [9].

ProrosiTioN Cl. Let & and 1 be two loxodromic isometries of H® without any common
fixed point. Denote by L the common perpendicular to the axes A: and A, of & and n,
respectively. Let z, be any point of L. Then there exist continuous one-parameter families
(E)o <i<1 and (n)o <1 < 1 of loxodromic isometries of H* with the following properties:

(i) So=C¢and no =1,
(i) for every t the axes of £, and n, are perpendicular to L,
{iii) the functions t > dist(zq, &, zo) and t — dist(zg, 4, * o) are monotonically decreasing
on [0, 17;
(iv) the function t — [ (&~ zq, 2o, 0" 2o} is monotonically decreasing on [0, 17]; and
(V) the isometries &, and n, have the same axis.

The proof of Proposition C1 depends on the following three lemmas, C2—-C4. The first
assertion of Lemma C2 was used, but not proved, in [9].

Lemma C2. Let y be a loxodromic isometry of H® with axis A, translation length | and
twist angle 0. Let z be any point of H?, let z' denote the foot of the perpendicular from z to A,
and let R denote the perpendicular distance from z to A. Then we have

cosh dist,(z, y- z) = A(R)
where A = A, 4 is the function defined on [0, o) by
A(R) = cosh™*(cosh [ + sinh? R(cosh | — cos 0)).
We also have
L(z,z,92) = a(R)
where o = o, 4 is the function defined on [0, o0) by

(sinh R){cosh R)(cosh [ — cos 8)

a(R) = cos™* .
/(cosh | + sinh? R(cosh I — cos 0))? —1

Furthermore, A(R) is strictly monotone increasing on [0, oo) and tends to o as R = oo, while
a(R) is strictly monotone decreasing on [0, o) and tends to 0 as R - 0.

Proof. We identify H? conformally with the upper half-space R?> x R* in such a way that
A = {0} xR*, and so that y is given by y-(w, t) = (¢'"*®w, e't). We may also suppose the
identification to have been made in such a way that z, = (s, 1) for some positive real number
s. The distance from any point (w, t) € H3 to 4 is given by the formula

sinh dist,((w, t), A) = |w]/t. (C21)

Here the right-hand side is the tangent of the angie between the ray 4 and the ray which has
origin 0 and passes through (w, t). Formula (C.2.1) is the 3-dimensional analogue of formula
(7.20.3) of [ 2], and follows from applying the latter formula to the hyperbolic plane spanned
by 4 and (w, t). In the same way, formula (7.2.1(ii)} of [2] implies that the distance between
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any two points (w, t) and (w’, t') of H? is given by

|w—w|?+(t —t)?

. t ' tl —_ 1
cosh dist,((w, 1), (W', t")) + 2tt’

(C22)

It follows from (C.2.2) that sinh R = sinh dist,((s, 1), A} = s. Now let us apply (C.2.2) to the
points zo = (s, 1) and y -z = (¢'* s, ¢'). This gives
szlel+i0 _ 1|2 + (el _ 1)2

2¢!

cosh dist(zg, y-zg) =1 +

= (cosh | — cos §)s* + cosh [ = cosh A(R)

and the first assertion of the lemma follows.

To prove the second assertion, we first apply the hyperbolic Pythagorean theorem to the
right triangle with vertices z’, v-z' and y-z. The lengths of the sides adjacent to the right
angle are dist,(z', y-z') = land dist,(y- z', y - z) = R. Hence, setting ¢ = dist,(z’, 7- z), we have

cosh ¢ = cosh [ cosh R.

Now we apply the first hyperbolic law of cosines to the triangle with vertices z', z and y - z,
whose side lengths are dist,(z, y-z) = A(R), dist,(y- z, z') = ¢ and dist,(z’, z) = R. This gives

cosh A(R) cosh R — cosh ¢
sinh A(R) sinh R

cos /L (z',z,y 2z)=

__cosh A(R)(cosh R — cosh )
B sinh A(R) sinh R

= cos a(R),

and the second assertion follows.

It is clear from the definition of the function A(R) that it is strictly monotone increasing
and tends to oo with R. In order to establish the properties of «(R), we set
A = cosh [ — cos 8 and B = cosh [. Note that B> 4 > Oand B > 1. Foreach R € [0, o0) we

have a(R) = cosh ™!, /g(sinh R), where g is defined on [0, o) by

It is clear that g(x) tends to 1 as x > oo, and hence that «(R) tends to 0 as R - «. To
complete the proof, we need only show that g is strictly monotone increasing on [0, o).
Differentiating g we find that

(Ax + B> —1)?A7'g'(x) = 24(B — A)x* + 2(B* —1)x + B* —1

where the right-hand side is strictly positive for x > 0 since B> A > 0 and B > 1. Hence
g'(x) > 0 for every x > 0. 0O

In the statement of the next lemma, we fix a line L = H* and a point z, € L. We identify
H3® = H®US,, conformally with the closed unit ball in R? in such a way that z,, is the origin
and L is the vertical axis. In particular, S, is identified with §2 in such a way that the end
points of L are the north and south poles N and S.
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We denote by G, the subgroup of Isom .(H?) consisting of all isometries that stabilize
the line L and preserve orientation on L. Then G is a Lie subgroup of Isom ,(H?) and in
particular it has the structure of a manifold. The non-trivial elements of G are precisely the
loxodromic and elliptic isometries of H* having L as axis.

Lemma C3. Let & be a loxodromic isometry of H* whose axis meets L perpendicularly at
a point z,. Let us define amap fy: G, — S,, = S* as follows: for each y € G, we define f{y) € S,
to be the endpoint of the ray from zq to y &y~ ' - zo. Then f maps G, homeomorphically onto
S*\{N, S}. Furthermore, there is a strictly monotone increasing function he: [0, o) = [0, n/2)
such that for every y € G, we have

IA(feD)| = hddisti(zo, 7y 1 o).

Finally, for each point { on the equator of S* = S, the isometry f £ 1({) € G, maps the axis of
& onto the line which passes through z, and has { as an end point.

Proof. Let us fix a transverse orientation for the line L. For each w = e ¢ §!, let
1, denote the isometry which fixes L pointwise and whose restriction to each plane
orthogonal to L is a rotation through an angle 6 which is counterclockwise in terms of the
chosen transverse orientation. For each r € R\ {0} let h, denote the hyperbolic isometry with
axis L having translation length |r|, and having § or N as its attracting fixed point
according as r is positive or negative. (To say that k, is hyperbolic means that it leaves each
plane through L invariant.) Let h, denote the identity map on H3. Then (r, w) > 1,0k, is
a homeomorphism of R x §* onto G;. In particular G is a topological 2-manifold homeo-
morphic to R x S'.,

Let [ and 0 denote the translation length and twist angle of £, and let A, denote its axis.
Let A = A; gy and o = 0 ¢ be defined as in the statement of Lemma C2. Consider any r > 0
and any we S, and set y = 1, h,. The isometry ¢y~ ! has axis 7 Ag and its translation
length and twist angle are I and 6. The point z, lies at a distance r from y- 4,. The foot
of the perpendicular from z, to y-A; is y-z,. Hence by Lemma C2 we have
L(7"Zo, 2o, 7€y 1+ 20) = 2(r). On the other hand, since r > 0, the point y- z, lies on the ray
L, < L which has origin z, and endpoint N. Hence

'l(fﬁ(‘}))) = % - L(N’ 20, "/f"/_l 'ZO) = % - L(V'ZOa 20, 75“/_1 ' ZO) = % — a(r)’
Similarly, for r < 0 we find that A(fx(y)) = «(|r|) — 5. Thus for all we S* and r € R we have

A fe(two b)) = B(r) (C.3.1)

where f(r) = |3 — a(|r])].

By Lemma C2 the function «(R) decreases monotonically from r/2 to 0 as R varies from
0 to oo. Hence f(r) increases montonically from 0 to 7/2 as r increases from — o0 to 0. It
therefore follows from (C.3.1) that f;: G, — S*\{N, S} is a proper map.

We claim that f; is also one-to-one. Indeed, suppose that for some y = (z,,¢ h,) and
7" = (T, ° hy) we have fe(y) = f:(y). By (C.3.1) it follows that (r) = f(r'). By the monotonic-
ity of B it follows that r =r. Hence (y') = 1,y °y. Since 7., fixes zoe L we have
YE T zo = T (01 20). In view of the definition of fz, this implies that
Je(0') = Ty fe(y). Since we have assumed that f(y') = fi(y), we conclude that w = w'. This
shows that fis one-to-one.

Since f is a proper one-to-one map between the 2-manifolds G, and S*\{N, S}, it is
a homeomorphism of G, onto S? — {N, S}. This is the first assertion of the lemma. To prove
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the second assertion, we first note that for any y = 1,,° h, we have | A(fz(y))| = 7 — a(r) by
virtue of (C.3.1). On the other hand, since z,, is at a distance 7 from the axis of &y~ !, which
has twist angle 6 and translation length [/, it follows from Lemma C2 that
disty(zo, Y&y~ 1+ z0) = A(J7|). Since, by Lemma C2, the function A(R) increases monotoni-
cally from [ to oc as R increases from 0 to oo, and 3 — x(R) increases from 0 to 3 as
R increases from 0 to o, the second assertion of Lemma C3 follows if we set h; = ac A~ ",

Finally, suppose that { is a point on the equator of S* = S*, and let B denote the line
which passes through z, and has { as an end point. Since { is on the equator, B is
perpendicular to L at z,. As A is also perpendicular to L at z,, we have 7,,- A = B for some
w e S'. We may suppose w to be chosen so that the ray A, < A which has origin z, and
passes through ¢ z, is transformed by t,, onto the ray B, = B which has origin z, and end
point {. Then 1,1, ' -2y = 1,& 2o € B4, and hence f;(t,) = {. In view of the first assertion
of the lemma we may therefore write f; *({) = t,,. In particular we have f;” '({) (4) = B. This
is the final assertion of the lemma. O

LemMa C4. For any two points P and Q of S*\{N, S}, there exist two continuous paths
p, q[0, 11— S*\{N, S} with the following properties:

(i) p(0) = P and q(0) = Q;

(ii) the functions A-p and A-q are (weakly) monotonically decreasing on [0, 1];
(iii) the function t — disty(p(t), q(t)) is (weakly) monotonically decreasing on [0, 1]; and
(iv) the points p(1) and g(1) coincide and lie on the equator.

Proof. We may assume without loss of generality that 6(Q) = 0 and that 0 < 6(P) < =.
We define p(1) for 0 <t <3 by setting 0(p(t)) = (1 — 20)0(P) and A(p(r)) = A(P). For
1 <t <1 we define p(?) by 8(p(1)) = 0 and A(p(t)) = (2 — 2)A(P). We define g(t) = Q for
0 <t <3 and for 3 <t <1 we define g(¢) by 0(g(t)) = 0 and A(q(t)) = (2 — 20)A(Q).

Conclusions (i), (i) and (iv) of the lemma are now clear. It is also clear that the function
t — O(p(t), (1)) is monotone decreasing on [0, 1]. Since by the spherical distance formula
we have

cos disty(p(1), q(t)) = cos A(p(t)) cos A(q(t) cos O(p(t), g(1)) + sin A(p(r)) sin A(q(t))

it follows readily that t — cos dist,(p(z), ¢(t)) is monotone increasing on [0, 1], so that
conclusion (iii) holds as well. O

C.5. Proof of Proposition C1. According to Lemma C3 we have homeomorphisms
f: and f, from G, to S*\{N, S}. We set P = f¢(I) and Q = f,(I), where I denotes the identity
element of G,. With these choices of P and @, let p and ¢ be paths satisfying conclusions
(i)~(iv) of Lemma C4. For each t € [0, 1] we set y, =f; '(p(t)) and 6, =f, (q(r)). We set
& =&yt and n, = yapy b Tt is clear that (£)o <, <1 and (1) o <: <1 are continuous one-
parameter families of isometries of H”.

As ¢ and n are loxodromic with axes A and 4,, the isometries ¢, and #, are also
loxodromic and have axes A, = y,* A and A, = 6, A,. Since A; and A, are perpendicular
to L and since 7,, §, € Gy, it follows that A, and A, are also perpendicular to L. This is
conclusion (ii) of Proposition C1. We have y, =f;” (P) = I and hence &, = ¢; similarly
1o = #. This is conclusion (i) of Proposition Cl1.

For any t € [0, 1], using the function A, given by Lemma C3, we have

Agldist(zo, &~ 20)) = Ag(dist(zo, 7y ' 20)) = [A(felyt)| = [ AUp(®)]-
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Since A is strictly monotone increasing by Lemma C3 and 4 © p is monotonically decreasing
by conclusion (iii) of Lemma C4, it follows that t — dist(zo, £, - zo) is monotonically decreas-
ing on [0,1]; the same argument shows that and ¢+ dist(zo, 7" zo) is monotonically
decreasing on [0, 1]. This is conclusion (iii) of Proposition C1.

For any t € [0, 1] we have

L& 20,20, M 20) = L (Vi&ye ' Zos 205 ViIVe L Zo).

In view of the definition of f; and f, the right-hand side of the equation above is equal to the
spherical distance between fx(y,) = p(t) and f,(y,) = q(t). Hence conclusion (iv) of Proposi-
tion C1 follows from conclusion (iii) of Lemma C4.

Finally, according to conclusion (iv) of Lemma C4, we have p(1) = g(1) = {, where { is
some point of the equator of S2. Thus we have y, = f;'({), and the last sentence of Lemma
C3implies that A, = y, - A, is the line passing through z, and having { as an end point. The
same argument shows that 4, is the very same line, and thus conclusion (v) of Proposition
C1 holds. d



