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Characteristic subsurfaces, character varieties and Dehn
fillings

STEVE BOYER
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Let M be a one-cusped hyperbolic 3—manifold. A slope on the boundary of the
compact core of M is called exceptional if the corresponding Dehn filling produces
a non-hyperbolic manifold. We give new upper bounds for the distance between two
exceptional slopes @ and B in several situations. These include cases where M ()
is reducible and where M («) has finite 7y, or M («) is very small, or M (o) admits
a 1 —injective immersed torus.
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1 Introduction

Throughout this paper, M will denote a compact, connected, orientable 3—manifold
whose boundary is a torus. We also assume that M is simple. In other words, it is
irreducible, d—irreducible, acylindrical, and atoroidal. Thus M is homeomorphic to the
compact core of a finite-volume hyperbolic 3—manifold with one cusp. For convenience,
we will call such a manifold M hyperbolic. A slope « on dM (defined in Section 2)
is said to be exceptional if the Dehn filling M («) does not admit a hyperbolic structure.
By the distance between two slopes « and 8, we will mean their geometric intersection
number A(w, 8).

Cameron Gordon has conjectured in [18] that the distance between any two exceptional
slopes for M is at most 8, and also that there are exactly four specific manifolds M
which have a pair of exceptional slopes with distance greater than 5. The results in this
paper give upper bounds for the distance between two exceptional slopes in several
special cases. We assume for most of these results that M () is reducible, and that
M (@) is a non-hyperbolic manifold of one of several types. Here, and throughout the
paper, we will write L, to denote a lens space whose fundamental group has order
p=2.

Our first result applies in the case that M («) has finite fundamental group.
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Theorem 1.1 If M(B) is reducible and if w{(M («)) is finite, then A(x, B) < 2.
Moreover, if A(a, B)=2,then Hi(M)=Z&®Z/2, M ()= Lo#L3 and 7;(M ()) =
0}, xZ/j, where O}, denotes the binary octahedral group.

Although we expect that the case A(x, ) = 2 does not arise, this theorem is a
considerable improvement on the previously known bounds (see Boyer—Zhang [6]).

Recall that a closed 3—manifold NV is said to be very small if 71 (N') has no non-Abelian
free subgroup. The next result deals with the situation where M () is reducible and
M (o) is very small. The proof is based on an analysis of the PSL,(C) character
variety of a free product of cyclic groups. (See Section 2 for the definition of a strict
boundary slope.)

Theorem 1.2 Suppose that M (B) is a reducible manifold and B is a strict boundary
slope. It M (o) is very small, then A(x, f) < 3.

A closed orientable 3—manifold N is said to admit a geometric decomposition if the
pieces of its prime and torus decompositions either admit geometric structures or are
I —bundles over the torus. According to Thurston’s Geometrization Conjecture, which
has been claimed by Perelman, any closed orientable 3—manifold admits a geometric
decomposition. If we strengthen the hypotheses of Theorem 1.2 by assuming that
M (o) admits a geometric decomposition, we obtain the following stronger result.

Theorem 1.3 Suppose that M () is a reducible manifold and M («) is a very small
manifold that admits a geometric decomposition, then A(w, ) < 2.

This result is sharp. Indeed, if M is the hyperbolic manifold obtained by doing a
Dehn filling of slope 6 on one boundary component of the (right-hand) Whitehead link
exterior, then M (1) = L,#L3 is reducible, while M (3) is Seifert with base orbifold
of the form S2(3, 3, 3), and so is very small.

The next result applies in the case where M («) contains an immersed 71 —injective
torus. Note that in this case, M («) is either reducible, toroidal, or a Seifert fibred
space with base orbifold of the form S z(r, s,t) (see Scott [24, Torus Theorem] and
Gabai [15, Corollary 8.3]). The bound A(x, ) < 3 holds in the first two cases by
Gordon—Luecke [19], Oh [23] and Wu [28]. Thus the new information contained in this
theorem concerns the case where M () is Seifert fibred and geometrically atoroidal.

Theorem 1.4 Suppose that 8 is a strict boundary slope for M . If M (B) is a reducible
manifold and if M («) admits a my—injective immersed torus, then A(a, ) < 4.
Moreover, it A(w, B) = 4, then M («) is a Seifert-fibred manifold with base orbifold
Sz(r, s, t), where (r,s,t) is a hyperbolic triple and at least one of r, s or t is divisible
by 4.
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The inequalities we obtain in the last two results are significantly sharper than those
obtained under comparable hypotheses in Boyer—Culler—Shalen—Zhang [3]. For The-
orem 1.4, this is due to the fact that in [3] it is only assumed that 8 is the boundary
slope of an essential, planar surface in M . Here we are using additional information
about the topological structure of the connected sum decomposition of M (B).

Since a Seifert fibred manifold is either very small or contains a 7 —injective immersed
torus, the results above immediately yield the following corollary.

Corollary 1.5 If M(B) is a reducible manifold, B is a strict boundary slope, and
M («) is Seifert fibred, then A(a, B) < 4. Further, if A(a, 8) = 4, then the base
orbifold B of M (c) is S2(r,s,t), where (r, s,t) is a hyperbolic triple and 4 divides
at least one of 1, s, ¢.

We also obtain the following result in the case where M () is only assumed to be
non-Haken, rather than reducible.

Theorem 1.6 If 8 is a strict boundary slope and M (B) is not a Haken manifold, then
(1) A(a,B) <2 if M(«) has finite fundamental group;
2) A(a,p) <3 if M(«) is very small;
(3) A(a,p) <4 if M(«) admits a my —injective immersed torus.

We will show that our results imply the following restricted version of Gordon’s
conjecture.

Theorem 1.7 If M (p) is a reducible manifold and f is a strict boundary slope, then
M (&) is a hyperbolic manifold for any slope « such that A(a, B) > 5. If we assume
that the geometrization conjecture holds, then M («) is a hyperbolic manifold for any
slope o such that A(w, B) > 4.

We remark that we expect the following to hold in this subcase of Gordon’s Conjecture.

Conjecture 1.8 If M (B) is a reducible manifold, then M (&) is a hyperbolic manifold
for any slope « such that A(x, ) > 3.

The bound in the conjecture cannot be lowered. For instance, if M is the hyperbolic
manifold obtained by doing a Dehn filling of slope 6 on one boundary component of
the Whitehead link exterior, then M (1) = L,#L3 is reducible while M (4) is toroidal.
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The paper is organized as follows. Basic definition and notational conventions are
given in Section 2. We review the notion of a singular slope for a closed, essential
surface in Section 3 and prove Proposition 3.5, which characterizes the situations
in which a boundary slope can fail to be a singular slope. At the end of Section
3 we prove Theorem 1.6 and Theorem 1.7, assuming Theorem 1.1, Theorem 1.3
and Theorem 1.4. Section 4 contains the proof of a technical result (Proposition
3.3) about singular slopes in L(p, 1)#L(q, 1) which is stated and applied earlier, in
Section 3. In Section 5 we reduce the proofs of Theorems 1.1 — 1.4 to more specific
propositions, which are proved in Sections 8, 9, 10 and 12 respectively. Section 6 is
areview of PSL,(C)—character variety theory and Section 7 contains results about
the representation varieties of fundamental groups of very small 3—manifolds. Section
11 is based on the characteristic submanifold methods used in [3], and extends some
of those results under the additional topological assumptions that are available in the
setting of this paper. These results are applied in Section 12.

The research described in this paper was supported by grants from NSERC, FCAR and
NSF. Steve Boyer was partially supported by NSERC grant OGP0009446 and FCAR
grant ER-68657. Marc Culler and Peter Shalen were partially supported by NSF grants
DMS-0204142 and DMS-0504975. Xingru Zhang was partially supported by NSF
grant DMS-0204428.

2 Notation and definitions

We will use the notation |X| to denote the number of components of a topological
space X . The first Betti number of X will be denoted b (X).

By a lens space we mean a closed orientable 3—manifold with a genus 1 Heegaard
splitting. A lens space will be called non-trivial if it is not homeomorphic to §2 x S'!
or §3.

By an essential surface in a compact, orientable 3—manifold, we mean a properly
embedded, incompressible, orientable surface such that no component of the surface is
boundary-parallel and no 2—sphere component of the surface bounds a 3-ball.

A slope « on dM is a pair {£a} where a is a primitive class in H;(dM). The
manifold M («) is the Dehn filling of M obtained by attaching a solid torus to the
boundary of M so that the meridian is glued to an unoriented curve representing the
classes in o.

Definition 2.1 A slope 8 on dM is called a boundary slope if there is an essential
surface F in M such that dF is a non-empty set of parallel, simple closed curves in
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dM of slope B. In this case we say that F has slope . If M (f) is reducible, then of
course B is a boundary slope.

Next consider a connected surface F' properly embedded in a 3—manifold W with
bicollar N(F) = F x[—1, 1] in W. Denote by W the manifold W \ F x (—%, %) and
set Fy = Fx{%}, F_= Fx{—%} C OWFE. We say that W fibres over S with fibre F
if Wg is connected and (W, F4 U F_) is a product (I, d/)-bundle pair. We say that
W semi-fibres over 1 with semi-fibre F if W is not connected and (Wg, Fy U F_)
is a twisted (/, d/)-bundle pair.

Definition 2.2 A slope 8 on dM is called a strict boundary slope if there is an
essential surface F' in M of slope § which is neither a fibre nor a semi-fibre.

Definition 2.3 Given a closed, essential surface S in M, we let C(S) denote the set
of slopes 6 on dM such that S compresses in M (§). A slope n on dM is called a
singular slope for S if n € C(S) and A(8,n) <1 for each § € C(S).

3 Reducible Dehn fillings and singular slopes

A fundamental result of Wu [27] states that if C(S) # &, then there is at least one
singular slope for S.

The following result, which links singular slopes to exceptional surgeries, is due to
Boyer, Gordon and Zhang.

Proposition 3.1 (Boyer—Gordon—Zhang [4, Theorem 1.5]) If n is a singular slope
for some closed essential surface S in M , then for an arbitrary slope o« we have

1 if M () is either small or reducible

1 if M (w) is Seifert fibred and S does not separate
2 if M (w) is toroidal and C(S) is infinite

3 if M () is toroidal and C(S) is finite.

Aa,n) =

Consequently if M () is not hyperbolic, then A(o, n) < 3.

If b1(M) > 2 and M (P) is reducible, then work of Gabai [14] (see Corollary, page
462) implies that 8 is a singular slope for some closed, essential surface. This is also
true generically when by (M) = 1, as the following result indicates.

Theorem 3.2 (Culler—-Gordon—Luecke—Shalen [11, Theorem 2.0.3]) Suppose that
bi(M) =1 and that n is a boundary slope on M . Then one of the following
possibilities holds.
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(1) M (n) is a Haken manifold.
(2) M (n) is a connected sum of two non-trivial lens spaces.
(3) n is a singular slope for some closed essential surface in M .

(4) M(n) = S! x S? and 7 is not a strict boundary slope.

Thus when M () is reducible, either 8 is a singular slope for some closed, essential
surface in M, or M(B) is S' x §2 and B is not a strict boundary slope, or M (f) is
a connected sum of two lens spaces. In particular, the inequalities of Proposition 3.1
hold unless, perhaps, M (B) is a very special sort of reducible manifold.

In order to prove our main results we must narrow the profile of a reducible filling
slope which is not a singular slope.

The following result will be proved in the next section of the paper.

Proposition 3.3 Suppose that M () = L(p,1)#L(q,1) and there are at least two
isotopy classes of essential surfaces in M of slope . Then f is a singular slope for
some closed essential surface in M .

Corollary 3.4 Suppose that M () = P3#P3 and B is a strict boundary slope. Then
B is a singular slope for some closed essential surface in M .

The proposition below, which follows immediately from Theorem 3.2 and Corollary
3.4, summarizes the situation.

Proposition 3.5 Suppose that by (M) =1 and M (B) is a reducible manifold. Then
one of the following three possibilities occurs:
(1) B is a singular slope for some closed essential surface in M ; or
(2) M(B) is homeomorphic to Ly#L,, where q > 2; or
(3) M(B) is homeomorphic to S% x S or P3#P?, and B is not a strict boundary
slope.

We end this section by giving the proofs of Theorem 1.6 and Theorem 1.7, assuming
Theorem 1.1, Theorem 1.3 and Theorem 1.4.

Proof of Theorem 1.6 Since we have assumed that 8 is a strict boundary slope,
if M(p) is reducible, then Theorem 1.1, Theorem 1.3 and Theorem 1.4 imply that
the corollary holds. On the other hand, if M (f) is irreducible, then by (M) =1 as
M (B) is non-Haken. Since 8 is a boundary slope, Theorem 3.2 implies that § is a
singular slope for a closed essential surface in M . Proposition 3.1 now shows that the
conclusion holds. |
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Proof of Theorem 1.7 First suppose that M (B) is either S x S? or P3#P3. Since
B is a strict boundary slope, it follows from Proposition 3.5 that it must be a singular
slope for some closed, essential surface in M . Thus Proposition 3.1 shows that the
desired conclusion holds.

Next suppose that M (B) # S! x S?, P3#P3. Boyer—Zhang [8, Theorem 0.6] implies
that if A(a, B) > 5, then M () is virtually Haken. In particular, M (o) admits a
geometric decomposition (Casson—Jungreis [10], Gabai [16; 15], Gabai—-Meyerhoff—
Thurston [17]). According to Gordon—Luecke [19] and either Wu [28] or Oh [23],
M () is irreducible and geometrically atoroidal as long as A(x, ) > 3. Further,
Theorem 1.4 shows that M («) is not Seifert fibred as long as A(x, ) > 4. Thus
M («) is hyperbolic if A(w, ) > 5. This proves the first claim of the theorem. The
second follows similarly since M («) admits a geometric decomposition for any slope
o if the geometrization conjecture holds. |

4 Singular slopes when M () is L(p, 1)#L(q,1)

This section contains the proofs of Proposition 3.3 and Corollary 3.4.

Let S(M) denote the set of essential surfaces in M . For each slope 8 on dM , set
Sg(M) ={F € S(M) : 0F # & and B is the boundary slope of F'}.

For each surface F € Sg(M), we use F to denote the closed surface in M (B) obtained
by attaching meridian disks to F.

We begin with two propositions that give conditions on Sg(M) which guarantee that
is a singular slope for some closed essential surface in M . The first is a consequence
of the proof of Theorem 3.2 (cf [11, chapter 2]).

Proposition 4.1 (Culler-Gordon-Luecke—Shalen [11]) Suppose M (B) = L,#L,
and that F € Sg(M) satisfies |0F| < |0F'| for each F' € Sg(M). If F is not an

essential 2—sphere in M (), then 8 is a singular slope for a closed, essential surface
in M.

Proposition 4.2 Suppose that M (B) = L,#L4 and let F € Sg(M). If there exists a
closed, essential surface S in M which is disjoint from F, then B is a singular slope
for §.

Proof Since S is closed, essential, and disjoint from F, F is not a semi-fibre in
M . On the other hand, S compresses in M (B) = L,#Lg4, so B € C(S) (see Boyer—
Culler—Shalen—Zhang [3, Corollary 6.2.3]) then shows that .S is incompressible in
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M (y) for each slope y on dM such that A(y, B) > 0. Wu’s theorem [27] states that
either A(y,y’) <1 for each y,y’ € C(S), or there is a slope yy € C(S) such that
C(S) ={y : A(y, y0) < 1}. In the first case, it is immediate that 8 is a singular slope
for S. In the second case, observe that we must have yg = 8, since otherwise there
would exist slopes y € C(S) with A(y, B) arbitrarily large. Thus § is a singular slope
for S in either case. |

We now proceed with the proof of Proposition 3.3, which depends on the two lemmas
below. First we introduce some notational conventions that will be used in the lemmas.

Conventions 4.3 Suppose that M (B) = L,#L, and that 8 is not a singular slope for
a closed essential surface. It is evident that by (M) = 1 and, since § is not the slope of
the rational longitude of M , that each surface F € Sg(M) is separating. Fix a surface
P € Sg(M) such that

|0P| < |0F| for each F € Sg(M).

Since P is connected and separating, we have that n = |dP| is even. It follows from
Proposmon 4.1 that P is an essential 2— —sphere which bounds two punctured lens
spaces X and X’ in M (B). We shall make the convention that X isa punctured L,
and X' is a punctured Lg. Welet X and X' denote the submanifolds bounded by P
in M, where X C X and X' C X.

In Conventions 4.3, we shall say that (X, P) is unknotted if there is a solid torus
V C X and an n—punctured disk D, with outer boundary d, D, such that

X =V Uyg(DyxI),
where A = (0,D;) x I is identified with an essential annulus in V.

Note that if (X, P) is unknotted and p = 2, then (V, A) is a twisted /-bundle pair
over a Mobius band and the induced 7 —fibring of A coincides with that from D, x I.
Thus (X, P) is a twisted /-bundle.

Lemma 4.4 Assume that M(B) = L,#L, and that B is not a singular slope for a
closed essential surface. Let P € Sg(M') be chosen to have the minimal number of
boundary components. Suppose that (X, P) is unknotted. If F € Sg(M) is contained
in X, then F is isotopic to P.

Proof Write X = V Uy4 (D;, x I) as above and isotope F so as to minimize |4 N F|.
Then F intersects V' and D, x I in incompressible surfaces. If A N F = &, then
F C Dy, x I, and therefore Waldhausen [26, Proposition 3.1] implies that F is parallel
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into D, x {0} C P. But then, [0F| <n = %|8P| , which contradicts our choice of P.
Thus F N A consists of a non-empty family of core curves of A. Another application
of [26, Proposition 3.1] implies that up to isotopy, each component of F N (D, x I) is
of the form Dy, x {t} for some ¢ € (0, 1). Since |4 N F| has been minimized, it also
follows that each component of F NV is parallel into dV \ A. Tt is now simple to see
that F is of the form D, x{t;} U BU D, x {t,}, where 0 <ty <t <land BCV is
an annulus as described in the previous sentence. It follows that F is isotopic to P. O

Lemma 4.5 Suppose that M (B) = L,#L, and that B is not a singular slope for a
closed essential surface in M . Let P € Sg(M) be chosen to have the minimal number
of boundary components.

(1) If M(B) = Lp#Lg4, where L, = +L(p, 1), then (X, P) is unknotted.

(2) If M(B) = Lp#Ly4, where L, =~ +L(p,1) and Ly = £L(q, 1), then each
planar surface in Sg(M) is isotopic to P.

Proof (1) Suppose that M (B) = L,#L,, where L, = £L(p,1). We will follow
Conventions 4.3; in particular, X is the punctured L, and |0P| = 2n. The desired
conclusion follows from a combination of [11] and [29]. In order to make the application

of these two papers clear, we must first set up some notation and recall some definitions.

Since M is hyperbolic, n > 2. The boundary of P cuts the boundary of M into
2n annuli Ay, A, Ay, A}, ..., Ay, Ay, occurring successively around dM , such that
dX = PU(U'_;4;) and 0X' = P U (U’_, 47). Let V be the attached solid torus
used in forming M (B). Then V may be considered as a union of 2n 2-handles
Hy,H{, Hy, H,, ..., Hy, Hy with attaching regions A, A}, A2, A}, ..., Ay, 4, re-
spectively. Let X be the manifold obtained from X by adding the 2-handles Hy,..., Hy,
along Ay, ..., A, respectively and similarly let X' be the manifold obtained from X’
by adding the 2-handles Hj,..., H, along A|,..., A;. Then M(f) = M UV =
XU P X', where P is the 2—sphere obtained from P by capping off P with meridian
disks of V. Let K be the core curve of the solid torus V. Then K is the union
of 2n arcs ay, @, a0, ..., 0y, 0 such that oy, a5, ...,y are properly embedded
in X with regular neighborhoods Hj, Hs, ..., H, and o). Q). ... a, are properly
embedded arcs in X’ with regular neighborhoods H{, H,, ..., H,.

n

Consider the n—string tangle (f;al, ...,0p) in X with strings oq,...,0,. Let
P; = P U A; and call it the A;—tubing surface of P. The surface P is said to be A4;—
tubing compressible if P; is compressible in X, and is said to be completely A;—tubing
compressible if P; can be compressed in X until it becomes a set of annuli parallel
to U;; Aj. The tangle (A? ,01,...,0y) is called completely tubing compressible if it
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is completely A;—tubing compressible for each of i = 1,...,n. Since M does not
contain an essential torus, the argument of [11, 2.1.2] proves that (X; a1, ...,ay) is
completely tubing compressible. Thus for each of i = 1,...,n, there exist disjoint

properly embedded disks El] in X, j # i, such that 8Eij meets A; in a single
essential arc of A; and is disjoint from Ay if k # i, j (see [11, 2.1.2] for details).
This in turn implies that if 2 is a proper subset of {Hq, ..., Hy}, then the manifold
obtained by attaching 2-handles from €2 to X is a handlebody. In particular, for each
ofi=1,...,n, XU (Uj7éiHj) is a solid torus. Thus each «; is a core arc of f, ie
its exterior in X is a solid torus.

Recall from [29] that a band in a compact 3—manifold W, whose boundary is a 2—
sphere, is an embedded disk D in W such that dD NdW consists of two arcs on dD. A
collection of properly embedded arcs in W is said to be parallel in W if there is a band
D in W which contains all these arcs. It is proved in [29] that if W is homeomorphic
to a once punctured lens space L(p,1) and (W;«ay,...,a,) is a completely tubing
compressible tangle, then the arcs o, ..., ®, are parallel in W . Though this result is
not explicitly stated in [29], its proof is explicitly dealt with in the proof of Theorem 1
of that paper. Hence in our current situation, oy, ..., a, are parallel arcs in X. Let
D be a band in X which contains all the arcs and H a regular neighborhood of D
in X. We may assume that H contains every H;. Since each «; is a core arc of H,
V=X \ int(H) is a solid torus. More precisely H can be considered as a 2—handle
and X, a once punctured L, is obtained by attaching H to the solid torus V' along
an annulus A4 in dV . Thus (1) holds.

(2) Now suppose that M (B) = L,#L,, where L, = +L(p,1) and Ly = +L(g,1).
Part (1) of this lemma implies that both (X, P) and (X', P) are unknotted. Fix a
planar surface F' € Sg(M') whose boundary is disjoint from dP and which has been
isotoped to be transverse to P so that |F'N P| has been minimized. Let F be the set
of surfaces in Sg(M ) isotopic to F and which satisfy the conditions of this paragraph.

If FN P =, then Lemma 4.4 implies the desired result. Assume then that F N P # &
and consider a component C of F N P which is innermost in the 2—sphere F. Let
Fy be a subset of F whose boundary is the union of C and &, say, components of
dF . We assume that F and Fj are chosen from all the surfaces in F so that k is
minimized. Note that £ > 0 by the minimality of |F N P|.

Without loss of generality we take Fo C X =V Uy (Dy, x I), where A C 0V wraps
p times around V', and after an isotopy of F' which preserves P, we may arrange for
Fy to be transverse to 4 and | Fy N 4| to be minimal. The components of Fy N A are
either core circles of A or arcs properly embedded in A.
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First assume that C N 4 = @. Then Fy N A consists of core circles of A and an
argument like that used in the proof of Lemma 4.4 implies that Fj is parallel into
P, contrary to the minimality of |F N P|. Thus C N A # @. It follows that Fo N A4
contains arc components. Choose such an arc o which is outermost in the disk Fo and
let Dy be a planar subsurface of Fj it subtends and whose interior is disjoint from A.
Set o = dDg \ .

If Dy C V, then Dy is a disk. If &’ is an essential arc in the annulus £ = 9V \ 4,
then it connects D, x {0} to D, x {1}. Hence Dy is a meridian disk of V and 9Dy is
a dual curve on 0V to the core of 4. But this is impossible as A wraps p > 1 times
around V. Thus «’ is an inessential arc in E. It follows that « is inessential in 4 and
it is easy to see that o can be eliminated from Fy N A by an isotopy of X', contrary to
the minimality of |Fy N A].

Suppose next that Dy C Dy, x I so that o’ C D, x 31, say &’ C Dy x {0}. Note, then,
that « is inessential in A. An argument like that used in the previous paragraph shows
that Dy cannot be a disk. Thus Dy N dM # &. By Waldhausen [26, Proposition 3.1],
Dy is parallel into D, x {0}, and it is now easy to see that F' can be isotoped in M to
reduce k, contrary to our choices. This contradiction completes the proof. |

Proof of Proposition 3.3 Let Sg (M) C Sg(M) consist of the surfaces in Sg(M)
which are isotopic to P, and set Sé (M) =S8g(M) \82 (M). By hypothesis, Sé (M) #
@. Choose F € 5;3 (M) so that |0F| < |0F'| for all F' € Sé(M) and let Y, Y’ be the
components of M split along F. Part (2) of Lemma 4.5 shows that F' is not planar.

Let B be a component of Y NdM and consider Fo = FUB. Let C;,C3,...,Cy be
the components of the inner boundary F;” of the maximal compression body of Fy in
Y. If any of the C; are closed, Proposition 4.2 shows that § is a singular slope for
a closed essential surface in M . Suppose, then, that no C; is closed. If some C; is
essential, the fact that |0C;| < |0F| implies that C; € Sg (M) and therefore is isotopic
to P. Since F is disjoint from C;, we can isotope F into the complement of P. But
this is impossible as Lemma 4.4 would then imply that F € Sg (M). Thus each C;
is a d—parallel annulus. Similar arguments show that either S is a singular slope for
a closed essential surface in M or for each component B’ of dM NY’, the inner
boundary of the maximal compression body of F U B’ in Y’ is a family of d—parallel
annuli. Hence if B is not a singular slope for a closed essential surface in M , the
arguments of of [11, Section 2.2] imply that F is essential in M (B) = Lp#Lg,. This
cannot occur since the genus of F is positive. Thus 8 is a singular slope for a closed
essential surface in M . |
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Proof of Corollary 3.4 Suppose that § is not a singular slope for some closed essential
surface in M . Then part (1) of Lemma 4.5 shows that both (X, P) and (X', P) are
unknotted. Since p = g = 2, this implies that both (X, P) and (X', P) are twisted
I —bundle pairs, and therefore, P is a semi-fibre. But then Proposition 3.3 shows that
B cannot be a strict boundary slope. This completes the proof. |

S Preliminary reductions

In this section we state four propositions which, together with known results, respec-
tively imply our main theorems 1.1-1.4. Recall that M always denotes a compact,
connected, orientable, simple 3—manifold, whose boundary is a torus.

If M(B) is a reducible manifold, then it follows from Gordon-Luecke [19] that
A(a, B) < 1 for any slope o such that M («) is reducible. If b (M) > 2, then it
follows from Boyer—Gordon—Zhang [4, Proposition 5.1], that A(«, 8) < 1 for any
slope o such that M (&) is not hyperbolic. The conclusions of all four of the main
theorems hold when A(x, ) < 1. Thus, in the proofs of these theorems, we may
assume, without loss of generality, that M («) is irreducible and by (M) = 1.

Next we recall that, since § is a boundary slope, it follows from Proposition 3.5 that
one of the following three possibilities occurs:

(1) B is a singular slope for a closed essential surface in M ; or
(2) M(pB) is homeomorphic to L,#L,, where g > 2; or
(3) M(B)=S%?xS"!or P3#P3 and B is not a strict boundary slope.

Since the conclusion of Proposition 3.1 implies that of each of the four main theorems,
we may also assume that neither @ nor f is a singular slope for any closed essential
surface in M .

Therefore Theorems 1.1-1.4 follow, respectively, from the following four propositions.

Proposition 5.1 Suppose that b1 (M) = 1 and neither « nor B is a singular slope for
a closed, essential surface in M . Assume as well that M () is either a connected sum
of two non-trivial lens spaces or S' x S?. If M (c) has finite fundamental group, then
A(a, B) <2. Furthermore, if A(a, ) =2,then HH(M)=Z & Z/2, M(B) = L #L;
and (M (a)) = O}, x Z/j, where O, is the binary octahedral group.

Proposition 5.2 Suppose that by (M) = 1 and neither o nor B is a singular slope for
a closed, essential surface in M . Assume as well that M («) is irreducible and M ()
is either a connected sum of two non-trivial lens spaces or S x S2. If M (c) is a very
small manifold and f is a strict boundary slope, then A(x, f) < 3.
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Proposition 5.3 Suppose that by (M) = 1 and neither o nor B is a singular slope for
a closed, essential surface in M . Assume as well that M («) is irreducible and M (B)
is either a connected sum of two non-trivial lens spaces or S x S2. If M («) is a very
small manifold which admits a geometric decomposition, then A(x, ) < 2.

Proposition 5.4 Suppose that by (M) = 1 and neither @ nor B is a singular slope for
a closed, essential surface in M . Assume as well that M (B) is a connected sum of two
non-trivial lens spaces. If B is a strict boundary slope and M () admits a 71 —injective
immersion of a torus, then A(wx, B) < 4. Moreover, if A(x, B) = 4, then M (x) is
a Seifert fibred space with base orbifold B of M («) of the form S?(r,s,t), where
(r,s,t) is a hyperbolic triple and 4 divides at least one of r, s, t.

These four propositions will be proved in Sections 8, 9, 10 and 12 respectively.

6 Background results on PSL,(C)-character varieties

In this section we gather together some background material on PSL,(C)—character
varieties that will be used in the proofs of our main results. See Culler—Shalen [12],
Culler—-Gordon-Luecke—Shalen [11], and Boyer—Zhang [5; 6; 9] for more details. As
above, M will denote a compact, connected, orientable, hyperbolic 3—manifold with
boundary a torus.

Definitions 6.1 Let 7 be a finitely generated group. We shall denote by Rpsr,, ()
and Xpgy, (), respectively, the PSL,(C)-representation variety and the PSL,(C)—
character variety of 7. (Note that these are affine algebraic sets, but are not necessarily
irreducible.) The map ¢: Rpgy,(mw)— Xpsr, () which sends a representation p to its
character yx, is a regular map. When 7 is the fundamental group of a path-connected
space Y, we will frequently denote Rpsy,(7) by Rpsr,(Y) and Xpsy, () by
XpsL,(Y).

There is a unique conjugacy class of homomorphisms 1: Hy(dM ) — (M), obtained
by composing the inverse of the Hurewicz isomorphism 71 (0M ) — H; (dM') with some
homomorphism 71 (dM) — 71 (M) induced by inclusion. To simplify notation, we
shall often suppress 7 in statements that are invariant under conjugation in PSL,(C).
For instance, given p € Rpsr, () and o € H;(dM ), we may write p(o) = =1 to
indicate that n(«) is contained in the kernel of p for every choice of 7.

By a curve in an affine algebraic set we will mean an irreducible algebraic subset of
dimension 1. Suppose that X is a curve in Xpgy, (M) and let X, denote the smooth
projective model of Xp. There is a canonically defined quasi-projective curve X C Xo
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which consists of all points of YO that correspond to points of Xj. In particular, there
is a regular, surjective, birational isomorphism v: X — Xo. The points of X are
called ordinary points and the points in the finite set X 0 — X, are called ideal points.
It follows from [6, Lemma 4.1] that for every curve Xo in Xpgr,(M) there exists an
algebraic component R(Xy) of Rpgy, (M) such that 1(R(Xyp)) = Xp.

To each homology class a € H;(dM') we can associate a regular function f;: Xo — C
given by f4(x) = x(a)?> —4. Each f, lifts to a rational function, also denoted by f;,
on X, o. It is shown in [11] (see also [6]) that the degrees of these functions on X, 0
vary in a coherent fashion. Indeed, there is a seminorm || - || x,: H;(dM;R) — [0, 00),
called the Culler—Shalen seminorm of X, , determined by the condition that for each
a€ H{(0M), |la|x, is the degree of f; on Xo Asin [11], we use Zx(f) to denote
the order of zero of a rational function f on X Xy at a point x € X 0, and use TT,(f) to
denote the order of pole of f at a point x € X o- Then

(6-1) lallx, = Y Ze(f) =) Tx(fa).

.XGX() XEX()

If || ||lx, # 0, we define
sx, = min{llallx, |a € H(0M), llallx, # 0} € Z\ {0},

We note that f; = f_,. As a notational convenience, if @ = {£a} is a slope on IM ,
then we shall set fo= f; = f—4, and define ||| x,=lla|x, = || —allx, -

It is possible that || - ||x, # 0, but ||| x, = 0 for some slope f on dM . In this case
the slope f is the unique slope on dM of norm 0, and we shall call Xy a B—curve. If
Xy is a B—curve, then for any slope o on dM we have

(6-2) lleelly = Aler, B)sx, -
Hence if B* is a dual slope for 8, that is, a slope such that A(B, B*) = 1, then

SXo = ”ﬂ* ”X()

If B is any slope on dM , then we may regard the character variety Xpgy,(M(f)) asan
algebraic subset of Xpgy,(M). To see this, note that Rpgy,(M(B)) can be identified
with the Zariski closed, conjugation invariant subset Rg(M) := {p € Rpsr,(M) :
p(B) = £1} of Rpsr,(M). Newstead [22, Theorem 3.3.5(iv)] shows that the image
of Rg(M) in Xpsp,(M) is Zariski closed and can be identified with Xpgr,(M(B)).
We note that if X is a curve in Xpgr,(M(B)) C Xpsr,(M) such that |- [ x, # 0,
then X, is a B—curve.
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The following proposition is proved by Boyer [2].

Proposition 6.2 (Boyer [2, Proposition 6.2]) Let Xo C Xpsr,(M(B)) be a f—curve
for a slope B on OM . Let B* be a dual slope for  and let « # B be a slope on OM .
Then

(1) For any point x € X and any representation p such that x, = v(x) we have
(@) If Zyx(fy) >0, then p(;r1(dM)) is either parabolic, or a finite cyclic group
whose order divides A(«a, B); and
(b) Zx(fa) = Zx([p+), with equality if and only if p(7r1(dM)) is parabolic or
trivial.

(2) If fg~ has a pole at each ideal point of YO, then for every divisor d > 1 of
A(a, B) there exists x € X such that Zx(fo) > Zx([fg+), and p(7r1(IM)) is
a cyclic group of order d for every representation p such that x, = v(x).

We call a subvariety Xy of Xpgy, (M) non-trivial if it contains the character of an
irreducible representation.

For some applications we need a stronger condition on X, than non-triviality. A
character x, € Xy is called virtually reducible if there is a finite index subgroup 7 of
71 (M) such that p|7 is reducible. We will say that X is virtually trivial if every point
of Xy is a virtually reducible character. The proof of Boyer—Zhang [9, Proposition
4.2] shows that if a curve X inXpgyr,, (M) is non-trivial, but contains infinitely-many
virtually reducible characters, then X is virtually trivial and Xy is a curve of characters
of representations 71(M) — N C PSL,(C) where
N={£(Z2%).£(_2 %) |z.weC*} C PSLy(C).

0 z! —w~l o
Ideal points, essential surfaces, and singular slopes

One of the key relations between 3—manifold topology and PSL,(C)—character
varieties is the construction described in Culler—Shalen [12], which associates essential
surfaces in a 3—manifold M to ideal points of curves in Xpgyr,(M).

Proposition 6.3 (Culler—Shalen [12], Culler-Gordon—-Luecke—Shalen [11, Section
1.3], Boyer—Zhang [6]) Let X, be a non-trivial curve in Xpgsy,(M) and x an ideal
point of X,. One of the following mutually exclusive alternatives holds: Either

(1) there is a unique slope @ on 0M such that fy is finite-valued at x ; or

(2) fo is finite-valued for every slope o on M .
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In case (1) the slope « is a boundary slope. Moreover, if Xy is not virtually trivial,
then o must be a strict boundary slope. In case (2) M contains a closed, essential
surface.

If, as in case (1) of the proposition, there is a unique slope « on dM such that
fa(x) € C, we say that the boundary slope « is associated to x .

Proposition 6.4 (Boyer—Zhang [6, Propositions 4.10 and 4.12]) Suppose that x is an
ideal point of a non-trivial curve Xy in Xpsr,(M) and that B is a slope on M such
that every closed, essential surface in M associated to x is compressible in M (f).
Suppose further that fy is finite-valued at x for every slope § on dM . If either

 XoC Xpsr,(M(B)), or
* Zx(fg) > Zx([s) for some slope § on IM

then B is a singular slope for some closed essential surface in M .

The PSL; character variety of L,#L,

It was shown in Boyer—Zhang [6, Example 3.2] that Xpsy,(Z/p * Z/q) is a disjoint
union of a finite number of isolated points and [g][%] non-trivial curves, each isomorphic
to a complex line. If we fix generators x and y of the two cyclic free factors of
Z]p % Z/q, then each curve consists of characters of representations which send x
and y to elliptic elements of orders dividing p and ¢ respectively. Such a curve is
parametrized by the complex distance between the axes of these two elliptic elements.

Explicit parametrizations of the curves in Xpgsy,(Z/p*7Z/q) can be given as follows.
For integers j,k with 1 < j <[£] and 1 <k <[%], set

A :enij/p’uzenik/q’_[ :M+M_1-

For z € C define p, € Rpsr,(Z/p *7Z/q) by

A0 _ z 1
IOZ(X)ZZE(O )\—1)’ pZ(y)zi(z(-[—Z)—l ‘L’—Z)'

The characters of the representations p, parameterize a curve X (j,k) C Xpsr,(Z/p*
Z/q). Moreover, the correspondence C — X (j,k), z +> x,., is bijective if j <[]
and k < [%] and a 2-1 branched cover otherwise.

We shall denote by Dy, the dihedral group of order 2k . Recall that a finite subgroup of
PSL,(C) is either cyclic or dihedral, or else it is isomorphic to the tetrahedral group
T2, the octahedral group O,4, or the icosahedral group Ig¢.

Geometry & Topology, Volume 12 (2008)



Characteristic subsurfaces, character varieties and Dehn fillings 249

The following elementary, but tedious, lemma characterizes the points in the curve
X(J, k) which correspond to the character of a representation with finite image. We
leave its verification to the reader.

Lemma 6.5 Fix integers 2 < p < gq. Let X, 4 be the union of all curves X (j,k) C
Xpsr,(Z/p *Z/q) such that j and k are relatively prime to p and g respectively.
Then

(1) An irreducible component X (j,k) C Xp 4 contains exactly two reducible char-
acters if p > 2, and one if p = 2.

(2) An irreducible component X (j,k) C Xp 4 contains the character of an irre-
ducible representation p whose image lies in N if and only if p = 2. Moreover,
if p =2 and q > 2, then there is exactly one such character x, and the image
of pis Dy.

(3) Xp,q contains the character of a representation whose image is T', if and only

if (p,q) €{(2,3),(3,3)}. If (p,q) = (2, 3) there is a unique such character and
if (p,q) = (3, 3), then there are two.

(4) Xp,q contains the character of a representation whose image is O34 if and only
if (p.q) €{(2,3),(2,4),(3,4), (4,4)}. If (p,q) = (3,4) there are two such
characters, and in the remaining cases there is only one.

(5) X, 4 contains the character of a representation whose image is I¢¢ if and only
if (p,q) €{(2,3),(2,5),(3,3),(3,5),(5,5)}. There are eight such characters
if (p,q) =3,5) or (p,q) =(5.95), fourif (p,q) = (2,5), and two if (p,q) =
(2,3) or (p,q) = (3,3).

The next result follows from Proposition 6.4 and work of Culler, Shalen and Dunfield.
Recall that if Xo C Xpsr,(M) is a f—curve and B* is a dual class to B, then

sxo = 1B%Ixo = 2 e 5, T (/)

Proposition 6.6 Suppose that M (B) = L,#L, and let x be an ideal point of the
curve X(j,k) C Xpsp,(M(B)) C Xpsr,(M). Then either

(1) B is a singular slope for a closed essential surface in M , or
@ I+ lx(j e # 0 and

4if j# Landk # 4
2 ifeither j = & ork =

sx(j k) = Mx(fp) = {

(10N
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Proof Suppose that 8 is not a singular slope for a closed essential surface in M .
Then Proposition 6.4 implies that for each ideal point x of X (/, k) and for each slope
a # B, we have fo(x) = o0.

The natural surjection

O Z2p*x7/2qg —Z)p*Z/q

induces an inclusion

¢*: Xpsp,(Z/p*7/q) — Xpsr,(Z/2p *Z/2q).

Given a curve Xo C Xpsr,(Lp#Ly) = Xpsr,(Z/p *Z/q), there is a curve Yy C
Xs1,(Z/2p+7/2q) whose image in Xpsy,(Z/2p*7Z/2q) coincides with ¢*(Xp).
The associated regular map g: Yo — X has degree 1 if j # £ and k # £ and is of
degree 2 otherwise. Now Yj is also a complex line and so has a unique ideal point .
Extend g to a map g: }~’0 — X, o between the smooth projective models, and observe
that g(y) = x. If ,g* € ¢~ 1(B¥) itis easy to see that fprog = fﬁ*' It can be shown
that

My(f3) ifj#2andk#4

%Hy(fg*) if either j = % ork = %.

We are reduced, then, to calculating IT,, ( fﬁ*).

I (fp+) = {

According to Dunfield [13, Proposition 2.2], we may choose the simplicial tree 7,
associated to y so that ITy,( fﬁ*) equals the translation length / (B *) of the automor-
phism of 7), associated to ,g *. Now the action of Z/2p*Z/2q on T), factors through
an action of Z/ p * Z/q, which in turn determines an action of 7; (M) on 7), via the
surjection 71 (M) — (M (B)) = Z/p * Z./q. In particular, [(B*) = I(8*), where
we have identified 8* with its image in 771 (M) under one of the homomorphisms in
the conjugacy class n (see Definitions 6.1).

Consider now an essential surface F' properly embedded in M which is dual to
the action of w1 (M). The observation above implies that F can be chosen so that
|[0F| =1(B*). Let Fy be a component of F with non-empty boundary. Note that |0F|
is even since Fy is separating in M . If |0Fy| = 2, then the genus of Fj is at least
1 since M is hyperbolic. The proof of [11, Theorem 2.0.3] then shows that 8 is the
singular slope for some closed essential surface, contrary to our hypotheses. Hence

My(f3.) = 1(B*) = 1(B*) = |9F| = 4

and
4 ifj#Landk #1%
2 ifeither j = 5 ork = %.

Geometry & Topology, Volume 12 (2008)



Characteristic subsurfaces, character varieties and Dehn fillings 251

Jumps in multiplicities of zeroes

Let X, be a non-trivial curve in Xpgr,(M) Recall that R(Xy) is the unique 4—
dimensional subvariety of Rpgsy,(M) satisfying 1(R(Xp)) = Xo. Suppose that o
is a slope on OM such that f4|Xo # 0. As a means to estimate ||«|y,, we will be
interested in the set

Jx, (@) ={x € Xo | Zx(fa) > Zx(fs) for some slope § such that f5 7# 0}.

Lemma 6.7 Suppose that x € Jx,(«) is not an ideal point.

(1) If xp =v(x) then p(or) = x1. [11, Proposition 1.5.4]

(2) If by(M) = 1, there exists a representation p, which is either irreducible or has
non-Abelian image, such that y, = v(x). [2, Proposition 2.8]

(Note that there exist irreducible PSL,(C) representations whose image is a Klein
4—group, and hence is Abelian.)

Lemma 6.8 Let Xo C Xpsr,(M(B)) C Xpsr,(M) be a B—curve for a slope B on
OM . Let B* = {£b*} be a dual slope for . Suppose that « is a slope on M such
that A(a, B) > 1. For any non-ideal point x € Jx, (o) and any representation p such

that x, = v(x) we have that p(b*) is an elliptic element with order d for some divisor
d>1 of Ala, B).

Proof First observe that for any slope § on dM we have fs = fa(s,8)p+ and so
Zx(fs) = A3, B)Zx(fp~). Inparticular, since x € Jy, (), we must have Z ( fg=) >
0. Thus Zx(fo) = A, B) Zx(fp+) > Zx([fp+). It now follows from Proposition 6.2
that p(71(dM)) is a cyclic group of order d > 1, where d divides A(w, B). Since
this cyclic group is generated by p(b*), the lemma follows. |

Proposition 6.9 Let Xy C Xpsr,(M) be a non-trivial curve and let a be a slope
on dM such that fy|Xo # 0. Suppose that there is no closed, essential surtace in M
which remains essential in M («). If x € Jx, () is an ideal point, then either

(1) « is a singular slope for a closed, essential surface in M , or

(2) forany slope B # o, fp has a pole at x. In particular, « is a boundary slope and
Xy is not a f—curve. Moreover, if b1(M) = 1, then M («) is either a Haken
manifold, S' x S?2, or a connected sum of two non-trivial lens spaces.
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Proof Suppose that « is not a singular slope for a closed, essential surface in M . It
then follows from Proposition 6.4 that for any slope B # « the function fg has a pole
at x. Hence Proposition 6.3 shows that « is a boundary slope. Finally if b1 (M) =1,
we can apply Theorem 3.2 to deduce that M («) is either Haken, S! x S2, or is a
connected sum of two non-trivial lens spaces. |

Proposition 6.10 Let X, be a non-trivial curve in Xpsy,(M) and o a slope on oM
such that fo|Xo # 0. Suppose that Jx,(a) contains an ordinary point x of X and
that there exists a representation p, which is either irreducible or has non-Abelian
image, such that x, = v(x). If either

(i) H'(M(a):sh(C),) =0 and p(1(dM)) # {£1}, or

(ii) there is a slope B such that Xo C Xpsr,(M(B)) and HY(M;sly(C),) = C
(for instance the latter holds when M (B) = Ly#L,),

then
Zx(fp)+1 if p is conjugate into N;
Zx(fa) = .
Zx(fg)+2 otherwise.
Moreover, in case (i) v(x) is a simple point of Xpsy,(M) and in case (ii) v(x) is a
simple point of Xpsy,(M(B)).

Proof If hypothesis (i) holds the conclusion follows from Ben Abdelghani—Boyer [1,
Theorem 2.1].

Assume that hypothesis (ii) holds. Let f* be a dual slope to 8 and fix simple closed
curves a, b and b* on dM such that o = {*[a]}, B = {£[b]} and B* = {£[b]*}.
We also identify [a], [b] and [b*] with their images under a homomorphism in the
conjugacy class 1 (see Definitions 6.1).

Observe that Proposition 6.2 implies that p(;(dM)) is a non-trivial, finite cyclic
group. Thus, p(71(dM)) is generated by p([b*]). After possibly replacing p by a
conjugate representation, we may assume that

N A
p(lb ])—i(OI_l)
where ¢ # +1.

Since Xo C Xpsr,(M(B)) and HY (M s1,(C),) = C, Boyer [2, Theorem A] holds in
our situation. In particular, the Zariski tangent space of Xy at x, can be identified with
HY(M(B); 51(C)p) = C. We can therefore find a 1—cocycle u € ZY (M (B); sl (C)p)
such that & # 0 € H'(M(B); s12(C),) and an analytic curve y,, in X, of the form
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ps = exp(su + O(s?))p defined for |s| small. Applying the arguments of [1, Sec-
tion 1.1.1 and Section 1.2.1] to this curve, modified to the PSL,(C) setting (cf [1,
Section 2]), shows that the identities

Zx(fp)+1 if pis conjugate into N;

Zx(fo) = {Zx(fﬂ) + 2  otherwise.

hold as long as we can prove that u([a]) # 0.

Suppose that u([a]) = 0 in order to arrive at a contradiction. We also have u([b]) =0,
since u € Z'(M(B); s12(C),), and thus u(m[a] + n[b]) = 0 for each pair of integers
m,n. Let u([b*]) = (¥ 4,). We have assumed that fo| X # 0, and therefore [a] and
[b] span a subgroup of index k < oo of H;(d0M). Then

k—1
0=u(@®*D* = p(b*)  u(*Dp(b*)~
j=0
B kp (1424 426Dy
N ((1 + 172D, —kp ) ’

and therefore p = 0. Consider the coboundary §°: s/,(C) — Z1(M(B);sl(C),)
given by (6°(4))(w) = A — p(w)Ap(w)~! and set

— _ 0 0 I,th
Hp=u=d ((1—:—2 0 ))

Since p([b]) = £1 we have u([b]) =u([b]) =0, while the fact that p([b*]) = :I:((t) tgl )
implies that u1 ([p*]) = 0 also. Hence u; = 0, which is impossible as 0 Zu =u; =0

Finally, if M (B) = L, * Ly we have m(M(B)) = Z/p * Z/q. A simple calculation
shows that the space of 1-cocycles Z'(M(B);s/2(C),) is isomorphic to C*. Thus
H'(M(B); s15(C),) = C. This completes the proof. |

7 PSL,(C)-representations of fundamental groups of very
small 3—manifolds

We begin by considering a 3—manifold W which fibres over S! with fibre a torus T
and monodromy A. It is known that W is a Sol manifold if and only if |tr(A4)| > 2
and a Seifert fibred space otherwise. Similarly, if W semi-fibres over the interval with
semi-fibre a torus 7" and gluing map 4 = (‘Cl Z) € SLy(Z), then W is a Sol manifold
if and only if ad # 0, 1, and a Seifert fibred space otherwise.
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Proposition 7.1 Suppose that W either fibres over the circle with torus fibre or semi-
fibres over the interval with torus semi-fibre. If p: w1 (W) — PSL,(C) is irreducible,
then up to conjugation, the image of p is Ty, or O,4, or lies in N'. Moreover,

e ifthe image is Ty,, then p(n{(T)) =7Z/2@® Z/2 and W fibres over S! ;

e if the image is O4, then p(7w1(T)) =7/2@® Z/2 and W semi-fibres over the
interval.

Proof Let T denote the (semi-)fibre and consider the normal subgroup G = p(71(T))
of p(1(W)). We can conjugate G so that it equals Z /2@ Z/2 C N, or it is contained
in either P, the group of upper-triangular parabolic matrices, or D, the group of diagonal
matrices.

If G=7/2&7Z/2, asimple calculation implies that p(7r1(W)) is finite. The only
finite subgroups of PSL,(C) which contain such a normal subgroup are Ti,, O,4,
and the dihedral group D, C N . The first possibility is ruled out when 7' separates
M (o) into two twisted I-bundles over the Klein bottle, since otherwise p would
induce a surjection of Z/2x Z/2 = ny(W)/7(T) onto T1,/(Z/2® Z/)2) =Z]3,
which is impossible. Similarly if 7" does not separate, then the image of p cannot be
024 .

Next we can rule out the possibility that {+1} # G C P since if this case did arise,
the normality of G in p(71(W)) would then imply that p is reducible.

Finally assume that G C D. If G = {£1}, then p factors through 1 (W)/7(T),
which is isomorphic to either Z or Z/2 = Z /2. The irreducibility of p excludes the
former possibility while the lemma clearly holds in the latter. If {7/} # G C D is
non-trivial, then its normality in p(7r;(W)) implies that the latter is a subset of N'. O

Proposition 7.2 Let W be a torus bundle over S' with monodromy A € SL,(Z) and
fibre T . Consider a representation p: w1 (W) — PSL,(C) which is either irreducible
or has non-Abelian image.

(1) If p is irreducible, then H' (W ; $15(C)adp) =0 as long as tr(A) # —2.

(2) If p is reducible and W fibres over the circle and the image of p contains
non-trivial torsion, then it is Seifert fibred. Moreover, if there is torsion of order
greater than 2, then |tr(4)| < 1.

Proof Write 4 = (‘c‘ 2) and recall that there is a presentation of 71 (W) of the form

(x, y,t|[x,y]= Lixt ™'V =x% 1yt 1 = xbyd),
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where x, y generate 7;(7) and ¢ projects to a generator 7 of 71(S') = Z.

(1) Consider the exact sequence 1 — 71(T) — n1(W) — Z — 1. The Lyndon—Serre
spectral sequence yields an associated exact sequence in cohomology
0 — H'(Z: (s12(C)aap)™ D) — H' (1 (W): 512(C)aap)

— H'(T;51,(C)adp)? — 0.

Since p is irreducible, we have either p(1(T)) =Z/287Z/2, or {+1}# p(m1(T)) C
D and p(r(W)) CN.

If p(m1(T))=2Z/260Z/2,then (sl,(C)aq p)”l(T) = 0. On the other hand, using dual-
ity with twisted coefficients and the fact that x(7"; Ad p) = 3x(T) = 0, we see that the
associated Betti numbers satisfy b1 (7"; s/2(C)adp) = 2bo(T; 512(C)adp). But since
|71 (T) is irreducible, we have bo(T'; 5/5(C)adp) = 0. Thus H(T; slz(C)Adp)Z =
0, which implies the desired result.

Next suppose that {1} # p(71(T)) C D and p(rr;(W)) C N. In this case
(s12(Caap)™ D ={(z %) |zeC}=C.

The irreducibility of p implies that up to conjugation we may suppose that p(f) =

+( 9 J) and therefore Z acts on (s/5(C)adap)”™ 1(T) by multiplication by —1. Thus

the set of invariants of this action, which is isomorphic to H%(Z; (s/(C)aq p)”l(T)),
is 0. Duality then yields H'(Z; (s5(C)aap)™ ) = 0.

On the other hand, it is easy to see that H!(;(T);sl(C)aq p) may be identified
with the set of homomorphisms of 71(7") into C in such a way that if f is such a
homomorphism, then 7 acts on f as

@ )™ Y") = — f(xamTbnyemtdny — _(am + bn) f(x) — (cm +dn) £ ().

Hence f is invariant under the action of ¢ if and only if (f(x), f(»)) isa (—1)-
eigenvector of the transpose of A. It follows that

H' (my(W); s12(C)aap) = H' (T3 515(C)agp)% #0
if and only if tr(4) = —2.

(2) Write 4 = (‘cl 3,) As p is reducible with non-Abelian image, we must have
{£1} # p(m1(T)) C P = C. Then the image of p lies in /. Suppose that

p(X)=i((1)?), p(y)=i((1) ;) p(t)=i(g ugl)'
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Since the kernel of the projection U — D is P = C, any torsion element in the image
of p is sent to an element of the same order in D under this projection. On the other
hand, since any element of 77; (W) can be written as a product of the form x! y™¢"
the image of p(7r1(W')) under the projection to D is isomorphic to {u" |n € Z} C C*.
Thus p(;r1(W)) contains a non-trivial torsion element if and only if # is a non-trivial
root of unity. Assume this occurs. The relations in the presentation for 1 (W) imply
that

u’c =ao +cr, u’t=bo+dr.

Thus u? is an eigenvalue of A. It is well known that these eigenvalues are roots of
unity if and only if |tr(A4)| < 2. Moreover, when tr(4) = 2 we have u = 1, when
tr(A) = —2 we have u = %i. Thus the proposition holds. d

Proposition 7.3 Let W semi-fibre over the interval with semi-fibre T . If there is a
representation p: w1(W) — PSL,(C) which is reducible and has non-Abelian image,
then the torsion elements in the image of p have order 2.

Proof Now W splits along 7" into two twisted /—bundles over the Klein bottle. Thus
there is a presentation of w1 (W) of the form

1 2 2a ¢ 2b d)

-1 -1 — -1
(X1, 01, X2, y2 [ X11X] " =y XayaX, =Y, L X] =X37Y5, V1 =X5 ),

where x1, y1 generate the fundamental group of one of the twisted I-bundles, x;, y,
generate the fundamental group of the other, and A = (2’ 2) is the gluing matrix. Note

that 771 (T) is generated by either pair xf, y1 and x%, V2.

We can suppose that either {17} 7 p(7r1(T)) CP or p(71(T)) CD. In the latter case,
p(m1(T)) = {£1} as otherwise the normality of 771 (7") in 1 (W) and the reducibility
of p imply that p(m1(W)) C D.

Assume first that p(771 (7)) = {£1}. Then p(x1)?> = p(y1) = p(x2)> = p(y2) = £1.
Note that neither p(x;) = &1 nor p(x,) = £1 as otherwise the image of p would be
Abelian. Thus up to conjugation we have p(x;) = £ (§ %) and p(x2) =+ (§ ;).
Thus the only torsion elements in the image of p have order 2.

Next assume that {+1} # p(sr1(T)) C P. The relation xlylxl_l = yl_1 implies that
exactly one of xlz, y1 is sentto =17 by p. If ,o(xlz) = +]7, then up to conjugation,
o(y1) = =% ((1) %) Hence, as x% = xfdyl_c and y, = xl_Zbyi’, we have ,o(xg) =
+ (8 5) . p(y2) =% (L 4). Thus the image of p is generated by the images of x1, yq
and x,. Projecting into D then shows that the only non-trivial torsion elements in the
image of p must have order 2. If ¢ =0, then ad = 1 and so W is Seifert fibred. On

the other hand, if ¢ # 0, then p(x;) = :I:((l) _1%) and so the relation x2y2x2_1 = yz_1
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implies that a = 0. Therefore ad = 0 and W is Seifert fibred. A similar argument
shows that the proposition holds when p(y1) = £1. |

Lemma 74 Let W be a closed, connected, orientable, irreducible, very small
3—manifold which is not virtually Haken. Then the image of any representation
p: (W) — PSL,(C) is a finite group.

Proof Let p: 71 (W) — PSL,(C) be a representation. The Tits alternative implies
that there is a finite index subgroup G of p(mr;(W)) which is solvable. It suffices to
show that G is finite.

If G = {£1} we are done so assume otherwise. Then since G is solvable it contains
a non-trivial normal subgroup 4 which is Abelian. Up to conjugation A is either
contained in D, or in P, or is the Klein 4—group Z/2 & 7 /2 realized in PSL,(C) as
Dy={+l. £(3%). £(%). =(75)}-

Since A # {1} is normal in G, it follows that 4 C A if the first or third possibilities
arise. In these cases let A9 = G ND and observe that A, is Abelian and has index at
most 2 in G. Then Ay has finite index in p(;r;(W)) and, since W is not virtually
Haken, must therefore be finite. But then p(7r;(W)) is finite and we are done.

On the other hand, suppose that 4 C P. Then the non-triviality of 4 and its normality
in G imply that G C U, the group of upper-triangular matrices in PSL,(C). Since
each finite degree cover W of W is irreducible but not Haken, it has zero first Betti
number. Thus the projection of G in D is finite and so the kernel of this projection
is of finite index in G . But this kernel lies in P4, the subgroup of P consisting of
matrices of trace 2. Since this group is isomorphic to C, and again using the fact that
W' is not virtually Haken we see that the kernel is trivial. Thus G is finite. |

We now apply the results above to the following Proposition.

Proposition 7.5 Suppose that Xo C Xpsy.,(M) is a non-trivial curve and « is a slope
on dM which is not a singular slope for any closed, essential surface in M . It M («)
either has a finite fundamental group, or is an irreducible, very small 3—manifold which
is not virtually Haken, then

(1) Jxo(a) C Xy

(2) foreach x € Jy, (), there is an irreducible representation p with finite image
such that x, = v(x), p(m1(0M)) # {£1} and H' (M (); s1(C),) = 0;

(3) if x € Jx (), then v(x) is a simple point of Xpgy,(M).
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Proof Our hypotheses imply that b; (M) = 1. Thus Proposition 6.9 implies that
Jx, (@) C Xy . Consider x € Jx,(«) and suppose that x, = v(x).

If 71 (M ()) is finite, then so is the image of p. The same conclusion holds when
w1 (M ()) is not finite by Lemma 7.4.

Suppose next that p is reducible. Since its image is finite, it is conjugate to a diagonal
representation and as this is true for each representation in =1 (v(x), any two repre-
sentations in #~!(v(x)) are conjugate. Hence the dimension of #~!(v(x)) is at most
2, contrary to [12, Corollary 1.5.3]. This shows that p is irreducible. The fact that
p(m1(0M)) # {£1} can now be proven in exactly the same way as [5, Lemma 4.2].

Next we show that H!(M (), s/, (C)p) =0. Let G = p(mr1(M(x)) and consider the
left 71 (M (a))-module C[G],. Itis well known that C[G] splits as a direct sum @4 Ve
of irreducible C G —modules V, and each irreducible C G —-module appears at least once
in this decomposition (see Serre [25]). On the other hand if W — M () is the finite
cover corresponding to the kernel of p, our hypotheses imply that H'(W;C) = 0.
This is obvious if 7 (M () is finite and follows from the fact that W is irreducible
and non-Haken otherwise. Thus

0=H'(W;C)=H'(M(@);C[Gl,) = @ H' (M(); (V5),).
This shows that for any irreducible C[G]-module V', H'(M («); V,) = 0 and therefore,
HY'(M(e), s15(C),) =0 as claimed.

Finally, we note that, according to [7, Theorem 3], conditions (1) and (2) imply that
v(x) is a simple point of Xpgy,(M). |

Proposition 7.6 Let X be a non-trivial curve in Xpgsy,(M) and a a slope on oM
such that fy|Xo # 0. Suppose that « is not a singular slope for a closed, essential
surface in M . Assume as well that either

(1) m1(M(@)) is finite or M () is an irreducible very small 3—manifold which is
not virtually Haken, or

(i) M () is a non-Haken Seifert manifold with base orbifold of the form S?(r, s, t)
and there is a slope B on M such that M (B) = S! x S2, or

(iii) Xo C Xpsr,(M(B)), where B is a slope on dM such that M (B) = Ly#L,.

Then
lallx, = mo + 2|Jx, ()| — 4,

where mo = ¥ min{Z( 78) | f31Xo # 0}, and A is the number of irreducible

characters x, € v(Jx,(«)) of representations p which are conjugate into N .
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Proof Case (ii) is done in [1, Theorem 2.3] while the proof in case (i) is handled
analogously. The idea is that by combining (6-1), Proposition 6.4, and the previous
two propositions, the calculation of e ||x, reduces to a weighted count of characters of
representations 71 (M (a)) — PSL,(C). Note that under our assumptions, Jx, (o) C
Xy and v|Jx, (@) is injective.

Finally, for case (iii), Proposition 6.9 implies that Jx, () C X and a calculation
similar to that used in case (i) yields the desired conclusion. O

8 Proof of Proposition 5.1

We suppose in this section that by (M) = 1, that neither o nor § is a singular slope for
a closed, essential surface in M, that M () has a finite fundamental group, and that
M (B) is either a connected sum of two lens spaces or S! x S2. Theorem 3.2 implies
that o is not a boundary slope.

A finite filling slope « is either of C—type or D—type or Q-type or T (k)—type
(1<k<3)or O(k)-type (1 <k <4)or I(k)-type (1 <k <5,k # 4). We refer to
[9, pages 93-94 and 98] for these definitions. We will show

2 it M(B) = Lo#Ls, HH(M) = 7Z & Z/2 and « is of type O(2);
1 otherwise.

Al B) < {

The key relationships between Culler—Shalen seminorms and finite filling classes is
contained in the following result from [9].

Proposition 8.1 Suppose that X is a non-trivial curve in Xpsr,,(M) and that o is a
finite or cyclic filling slope which is not a boundary slope associated to an ideal point
of X() .
(1) If a is a cyclic filling slope, then |ct||x, = sx,. [11]
(2) Ifa isa D-type or a Q—type filling slope and Xy is not virtually trivial, then
@) el = 25x,:
(i) |lallx, =< IBllx, for any slope B such that ||B|x, # 0 and A(x,B) =
0 (mod 2).
(3) If « isa T (k)-type filling slope, then k € {1,2,3} and
@) lellx, =sx, +2:
(i) |lallx, =< IBllx, for any slope B such that ||B|x, # 0 and A(a,B) =
0 (mod k).
(4) Ifa isan O(k)-type filling slope, then k € {1,2,4} if H{ (M) has no 2—torsion,
k e{1,2,3} if H (M) has 2—torsion, and
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i) llallxy <sx, +3;
() |lellx, = lBllx, for any slope B such that ||B|x, # 0 and A(a, B) =
0 (mod k).

(5) If o is an I(k)-type filling slope, then k € {1,2,3, 5} and
W) Nallxy <sx, +4;

() lellx, =< IBllx, for any slope B such that ||B|x, # 0 and A(c,B) =
0 (mod k).

We split the proof of Proposition 5.1 into three cases.
Case 1 M(B) # P3#P3 is a connected sum of two lens spaces.

Recall that Xpgr,(M(B)) C Xpsr,(M) contains exactly [%][%] non-trivial curves
X(j.k),where 1 <j < g and 1 <k < %. Let X be the union of these curves and
observe that since f is not a singular slope for any closed essential surface in M,
Proposition 6.6 implies that

(p—D(@—-1+1 if p,q even

(8-1) Sy = So = { (p—1)(g—1) otherwise.

By (6-2), ||la|lx = A(a, B)sx. If a is a C—type filling slope, then ||a|x < sy by
Proposition 8.1 (recall that « is not a boundary slope) and therefore A(x, 8) < 1. Ifitis
a D or Q-type filling slope, then all irreducible representations of 71 (M («)) conjugate
into V. Thus Proposition 7.5 and Proposition 7.6 show that for each x € Jy («), v(x)
is an irreducible character and |«||x < sy + |v(Jx («))|. On the other hand, Lemma
6.5 shows that if X(j, k) is a component of X with j and k relatively prime to p
and ¢ respectively, then it contains the character of an irreducible representation with
image in V if and only if p =2, and if p = 2, there is a unique such character. Hence
Ae, B)sxy = llallx <sx +[£1[£] < 2sx, and therefore A(x, B) < 1.

Next assume that o is either a 7" or O or [—type filling slope. Then (6-2) and
Proposition 8.1 show that

1+§§1+% if o is T—type
Ao, B) < l—l-% < 1+% if o is O-type
4 4 oo
1+§ §1+% if o is I-type.
Combining this inequality with (8—1) shows that A(w, f) < 1 unless, perhaps,
e (p,q9)=12,4),(2,5),(3,3), A(, B) <2 and « is [-type, or
e (p.q)=1(2,3),Ala,B) <3 and « is I-type, or
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e (p,q)=2,3),A(a,B) <2 and « is either T or O-type.

Assume first that one of these cases arises and « 1is either of type 7 or I. It is
well-known that

7/3%j k > 1 and j relatively prime to 6, if « is T—type

-2) H\(M =
(8-2) 1(M(@)) { Z/j where j is relatively prime to 30, if o is /-type

(see [5] for instance) so that in each of these cases, Hy (M («)) is cyclic. This implies
that H{(M) =~ 7Z & Z/n, where n > 1. Then n divides |H; (M (§)| for each primitive
§ € H{(dM). Taking § = & we see that n divides 3K j, where ged(j,6) =1 if « is
T —type, and divides j, where gcd(j,30) = 1 if o is /—type. On the other hand, »
also divides |H{ (M (B))|=Z/p & Z/q, so given the constraints we have imposed on
(p,q) we see that n = 1. Thus Hy(M) = Z, and so each Dehn filling of M has a
cyclic first homology group. This rules out the possibility that (p, q) = (2,4) or (3, 3).
Consider, then, the cases where (p,q) = (2, 3) or (2, 5). There is a basis {u, A} of
H{(0M) such that A is zero homologically in M and p generates Hy(M).

If « is a T —type filling slope, then (p,g) = (2, 3) and so by our choice of y and A,
(8-2) implies that there are integers a, b such that up to sign, o = {£(3¥ ju+al)}, and
B ={£(6 + bA)}. Then b is odd and the constraints on j,k show that A(x, f) =
|6a — 3K jb| = 1 (mod 2). As A(x, B) <2, we have A(w, B) = 1.

Next suppose that « is an I —type filling class. Then (p,q) = (2,3) or (2,5). By (8-2)
there are integers a, b such that o = {£(ju +ar)}, and B = {+=(2qu+bA)}. Then b
is relatively prime to 2¢ and since ged(j,30) =1, A(w, B) = |2ga — jb| is relatively
prime to 2¢g as well. When ¢ = 5, this shows that A(«, 8) is odd, and therefore as
A(a, f) < 2 in this case, we have A(a, 8) = 1. Finally when ¢ = 3, it shows that
A(a, B) is relatively prime to 6, and therefore as A(x, ) < 3, we have A(a, 8) = 1.

Finally suppose that A(«, B)=2, (p,q)=(2,3),and « has type O. Now H; (M (o)) =
7,/2j, where j isrelatively prime to 6 [5], and we can argue as above to see that either
H(M)=Z7Zor HH(M)=Z®Z/2. When H;(M) =7, we can find, as above, a basis
w, A of Hi(dM) such that A is zero homologically in M and u generates H{(M).
There are integers a, b such that « = {+(2ju+ad)}, and B ={£(6pu+bA)}, where a
and b are odd. Since j is odd as well, we have 2 > A(w, ) = |6a—2bj| =0 (mod 4).
This contradiction shows that this case does not arise.

Thus in all cases, A(x, 8) <2 and A(x, 8) <1 unless, perhaps, Hi(M)~Z ®7Z/2,
M(B) = Lo#L3 and M («) has type O(k) for some k. This completes the proof in
Case 1.

Case2 M(B)= P3#P3.
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We show that in this case, A(w, B) < 1. First we need some auxiliary results.

Note that there is a 2—fold cover p: Mﬂ — M obtained by restricting the cover
S1xS§?— P3#P3=~M(B). Let ¢p: w1 (M) — Z/2 be the associated homomorphism.
Note also that |8]\Z3| e{l,2}.

Proposition 8.2 Suppose that M (B) = P3#P3 and that B = {£b} is not a strict
boundary slope. Suppose that Xy C X(M) is a curve which is not virtually trivial and
that ||B||x, # 0. Then there is an index 2/|8]\75| sublattice L of H, (0M) containing
b such that ||B| x, < |la|lx, for each slope o« = {%a}, where a € L and lloellx, # 0.
In particular, ||8x, < 2sx,/10Mg|.

Proof The proof is identical to the proof of [5, Theorem 2. l(a)] In that result a
non-strict boundary slope Bg on dM was given along with a cover M (,80) — M(By),
where w{(M (,30)) is a finite cyclic group. Let Po: M — M be the associated
cover of M and T be a boundary component of M . It was shown in [5] that if
L= (polT)«(H(T)). that for any slope {+a} such that a € L and lloelx, # 0, we
have [|Bollx, < |la|x,. The reader can readily verify that the proof works equally
well in the case where 71 (M (Bo)) is an infinite cyclic group, the situation we are
considering. Let 7" be a boundary component of the double cover p: M g—> M.
If we now set L = (p|T)«(H{(T), then for any slope o = {+a} such that a € L
and |la|x, # 0, we have ||B|x, =< |l|lx,. The index of ps(H;(T)) in H;(0M) is
2/ |8]\7 8|, so the conclusions of the proposition hold. d

Corollary 8.3 Suppose that M (B) = P3#P3, B is not a singular slope for a closed
essential surface in M , and let C C Z./2 % Z./2 = (M (B)) be the unique cyclic
subgroup of index 2. Then 71(0M) is sent to a non-trivial subgroup of C under
the natural homomorphism w1(M) — m{(M(B)). Moreover, for any curve Xy C
Xpsr,(M) which is not virtually trivial, we have ||B|x, < sx, -

Proof Let 8* be a dual class to S and choose elements b and b* of Hy(dM) with
B ={xb} and B* = {£b*}. Identify 7{(dM) with H;(0M), and let y denote the
image of b* in 7y (M(B)). If Y2 =1, then fp42,p+ =0 and so ||b + 2nb*|x, =0
for each n € Z. It follows that | - | x, = 0, and so Proposition 6.4 implies that
is a singular slope for a closed essential surface in M, contrary to our hypotheses.
Thus y has infinite order in Z /2 %7 /2 = w1 (M (B)). It follows that ¥ € C and since
b € w1 (dM') maps to the identity in (M (B)) we see that r;(dM) is sent to C.
Now C is the kernel of the homomorphism 7y (M (B)) — Z/2 defining the cover
St x 8% — P3#P3, and thus 7, (0M) C ker(¢g). It follows that |8]\Z3| =2.Asf
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is not a strict boundary slope (cf Corollary 3.4), the previous proposition shows that
18llx0 = sx,- O

Lemma 8.4 Let Xps C Xg7,(M) ! be the canonical curve and suppose that the slope
d is not a strict boundary class and satisfies 8| x,, = sy . Suppose that o is a slope
such that 71 (M («)) is either finite or cyclic or Z /2 % Z /2. Then either

(1) « is a singular slope for a closed essential surface in M , or

(2) A(x,8) <2 andif A(a,8) =2, then « is of T'(k), O(k) or I(k)-type, where
k>3.

Proof Suppose that o« is not a singular slope for a closed essential surface in M .
Then Theorem 3.2 and Corollary 3.4 imply that it is not a strict boundary slope and
therefore we can apply [5, Proposition 7.2] to see that A(w, §) <2 when 1 (M (@)) is
either finite or cyclic. When itis Z /2 Z/2, an SL,(C) version of Proposition 8.2
shows that ||| x,, < 2sps and it follows from the basic properties of | - |37 [5] that
A, 8) <2.

Suppose, then, that A(«,§) =2 and let 7 = {£¢} be a dual slope to § = {+d}. Then
a={+(nd+2t)} for some n € Z. Hence A(x, ) =0 (mod 2) and thus if « is of type
Dor Q,or T(k),O(k), I(k), where k <2,or m;(M(a)) = Z or Z./2 % 7Z/2, then
leellar < |I8]|ar = sar (cf Proposition 8.1 and Proposition 8.2). But it was shown in [11,
Section 1.1] that if the distance between two slopes of minimal non-zero Culler—Shalen
norm is 2, then both are strict boundary slopes. Hence these cases do not arise and so
a is of type T (k), O(k) or I(k)-type, where k > 3. |

Proof of Proposition 5.1 when M (8) = P3#P3. Since neither « nor § is a singular
slope for a closed essential surface in M, they are not strict boundary slopes (see
Theorem 3.2, Corollary 3.4). Thus Corollary 8.3 and Lemma 8.4 show that ||B||ar = sar
and A(w, B) <2 with equality implying that « has type T'(k), O(k), I(k), where k > 3.
Since Hi (M (B))=Z/26Z/2, HH(M;Z/2)27Z/26®7Z/2 and so H{ (M («);Z/2) #
0. Hence « is neither 7" or I type (cf (8-2)). We must consider the possibility that it
is of type O(k), where k = 3,4.

Let Xo C Xpsr,(Z/2%7Z/2) = Xpsr,(M(B)) C Xpsr,(M) be the unique non-
trivial curve. According to Proposition 6.6, || - || x, # 0 and further, sy, > 2. It is easy
to verify that the only irreducible representations of 7y (M) — PSL,(C) with finite
image whose character lies in X are ones with dihedral image. Since O—type groups

1 SL,(C)—character varieties and SL,(C) Culler-Shalen seminorms are defined in a manner similar
to their PSL,(C) counterparts and possess similar properties. We refer the reader to [11].
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admit only one such character [5, Lemma 5.3], it follows from Proposition 7.6 that
Alet, B)sx, = llallx, <sx, +1. Thus A(er, ) <1 as claimed, which completes the
proof in Case 2. a

Case3 M(B)=S!xS2.

We prove A(a, f) = 1.

By Theorem 3.2, § is not a strict boundary slope and so Proposition 8.1 implies
IBllar = spr. Thus Lemma 8.4 shows that A(e, f) <2, and if it equals 2, then « has
type T (g), O(q) or I(q), where ¢ > 3. We assume below that A(«, ) = 2 in order
to arrive at a contradiction. Let i: dM — M be the inclusion.

Observation 8.5 Let 8 = {+b}. There is an integer n > 1 such that H;{ (M) =
Z.&®Z/n in such a way that i,(b) = (0, 1). Moreover, there is a dual slope f* = {£b*}
for B such that i (b*) = (n,0).

Proof Since « is a finite filling slope, the first Betti number of M is 1. Since
H{(M(B))=Z,wehave H(M)=Z7Z&®Z/n,where n>1 and i.(b) generates Z/n,
say ix(b) =(0,1) € Z®7Z/n. Let b be any dual class for b and observe that since i
has rank 1, we have ix(b]) = (d, k) for some integers d 0 and k. Then b* = bi—kb
is also dual to 4 and satisfies ix(b*) = (d,0). Let & € H; (M) correspond to (1,0). By
our assumptions, there is a generator n € H,(M, dM) such that d(n) = nb. Lefschetz
duality implies that |& -n| = 1. Hence |d| = |ix(b™)-n| = |b* - d(n)| = n. It follows
that i4(b*) = £né&, which completes the proof of Observation 8.5. |

Since A(w, ) = 2, we can write a = 2b* + mb (up to sign) for some m € Z.
A homological calculation now shows that |H;(M(x))| = 2rn? and so « cannot
have type 7 or I. Thus it has type O and so w1 (M(a)) = O* x Z/j, where
O* is the binary octahedral group and j is an integer relatively prime to 6. Then
7.)2) = H{(M(a)) = Z/2n?. Tt follows that n> = j and therefore n is odd. [9,
Lemma 3.1 (4)] now shows that « has type O(4). Thus the image of 71 (0M ) under the
representation p, given by composition 771 (M) — w1 (M (a)) = Op4 C PSL,(C), has
image Z /4. As p(«) = +1 and A(a, B) =2, p(B) is the square of an element of order
4 in O,4. Thus it lies in the kernel of the surjective homomorphism ¢: Op4 — D3,
which sends any element of order 4 to an element of order 2. Then ¢ o p induces a
surjective homomorphism of 71 (M(B)) = Z onto the non-Abelian group D3, which
is impossible. Thus it must be that A(x, f) < 1.
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9 Proof of Proposition 5.2

Here we suppose that 8 is a strict boundary slope but is not a singular slope for a
closed, essential surface in M . It follows from Theorem 3.2 and Corollary 3.4 that
M (B) is not homeomorphic to P3*#P3 or S! x S2. The proof of Proposition 5.2 is
therefore a consequence of the following result which, unlike Proposition 5.3, does not
assume that M («) admits a geometric decomposition.

Proposition 9.1 Suppose that M (B) is a connected sum Ly#L, of two lens spaces,
where 2 < p < ¢ and 2 < ¢, and that M («) is an irreducible very small 3—manifold.
Then

3 if(p.q) €{(2,3),(2,5).(3.5)}
Ala,f) =12 if(p,q) €1(2,4),(3,3),(3,4),(5,5)};
1 otherwise.

Proof Let X, be one of the curves X (j,k) C Xpsr,(Z/p*Z/q)=XpsL,(M(B))C
Xpsr,(M), where j,k are relatively prime to p,q respectively. Suppose that x €
Jx, (). Proposition 7.5 shows that x € X and v(x) is a simple point of Xpsr,(M)
which is the character of an irreducible representation p whose image is a finite
subgroup of PSL,(C). In particular, this implies that if v(x) = x,, where p € N/,
then p must have dihedral image.

LetX CXpgsr, (M) be the union of the curves X (j, k) CXpsr,(M(B)) C Xpsr,(M),
where j,k are relatively prime to p,q. If d is the number of components of X, then
Proposition 6.6 shows that
2d if p=2
>

SX—{4d if p>2.
Recall from (6-2) that A(w, B) = ||a||x /sx . On the other hand, Proposition 7.6 and
our discussion above show that ||«|x = sx + 2|Jx («)| — A, where A is the number
of dihedral characters in v(Jy («)). According to Lemma 6.5(2) we have 4 = d if
p=2and A=0if p>2. If we set n = |Jx ()|, then we have

2m—A _[1+24 if p=12;
©-1) A py=1+22 ) T2 TP
SX 1+ Vi if p>2.
We have d = [%][%], and 7 is determined by Lemma 6.5 since v(x) is the character

of an irreducible representation with finite image for each x € Jy (). Checking each
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case, we see that

5 if(p.q) =(2,3);
A@. p) < 3 if (p.g) €4(2,5), (3.9}
T2 i (pag) €4(2.4),(3.3).(3.4). (5.9}

1 otherwise.
Thus it will suffice to prove that A(w, ) <3 when (p,q) = (2, 3).

Suppose that A(e, ) = 5 and (p,q) = (2,3). Lemma 6.5 and Inequality (9-1)
imply that sy = 2. Proposition 6.2 (1) shows that for every point x, € Jx (o),
p(1(OM)) = Z/5. In particular, p(7r;(M)) has an element of order 5. The only
finite, non-cyclic subgroups of PSL,(C) which have such elements are /4o and Dy,
where k£ = 0 (mod 5). Therefore Lemma 6.5 shows that 10 = 5sy < sy +5 =7,
which is impossible.

Suppose next that A(«, f) = 4. Lemma 6.5 and Inequality (9-1) imply that sy < 3.
Let 8* be a dual slope to 8 and recall that |f*|x = sx .

If sy =2, then 8 = A(e,B)sxy = ||la|lx =2+ 2n— A, where A € {0,1}. Thus
n=3,m =0 and so v(Jy(a)) consists of three elements, where at most two are
I¢o—characters, at most one is an O,4—character, and at most one is a 71, —character.
Proposition 6.2(1) shows that for every point x, € Jx (), p(w1(0M)) =Z/2 or Z /4.
Since only the O,4—character has elements of order 4, there are at least two characters
Xp in Jx (a) such that p(7q(0M)) = Z/2. This implies that 4 = 2sy = ||28%||x >
Sx + 4 = 6, which is impossible.

Finally suppose that sy = 3. Then 12 = A(a, B)sxy = |la|lx = 3+ 2n — A, where
A €{0,1}. Hence n = 5, and v(Jy(«)) consists of 5 elements — two [gg—characters,
one (Oj4—character, one 77,—character, and one Dj—character. A similar argument to
that of the previous paragraph shows that 6 = 2sy = ||28*||x > sx + 7 = 10, which
is impossible. This completes the proof. a

10 Proof of Proposition 5.3

In this section we suppose that b; (M) = 1, neither « nor f is a singular slope for a
closed essential surface in M, M («) is an irreducible, very small 3—manifold which
admits a geometric decomposition, and M (B) is either S! x S? or a connected sum
of lens spaces L,#L,, where 2 < p < g. We must show A(x, f) < 2.

The reader will verify that given our assumptions on M («), one of the following
possibilities holds. Either M («)
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e is a torus bundle over S' with monodromy A € SL,(Z) such that |tr(4)| > 2;
or

e semi-fibres over I with semi-fibre a torus; or

e admits a Seifert structure with base orbifold S2(3,3,3), S2(2,4,4), or S2(2,3,6).
We treat these cases separately.
Case1l M/((«) fibres over the circle with monodromy A for which |tr(A4)| > 2.

Note that « is the rational longitudinal class in this case so that M(8) # S! x S2.
Thus M(B) = Ly#L, for some 2 < p < g. According to Proposition 9.1 we may
assume that either A(a, 8) =3 and (p.q) € {(2,3).(2,5).(3,5)} or M(B) = P3#P3.
We consider the former case first.

Let Xo be acurvein Xpsy,(M(B) C Xpsr,(M). Since Xy is a B—curve, it follows
from Lemma 6.8 that, for each x € Jx, () and p € R(Xo) N t~1(v(x)), we have that
p(B*) has order 3. Proposition 7.2(2) implies that there are no reducible characters
in v(Jx,(«)). Hence if x, € v(Jx,(«)), then the image of p is either contained in
N oris T, (Proposition 7.1). Since ¢ > 2 it follows from (6-2), Lemma 6.5, and
Proposition 6.6 that

1 when (p,q) # (2,3),(3,3)

Ala, p) = {2 when (p,q) = (2.3),(3.3)

contradicting our assumption that A(«, 8) = 3.

Next suppose that M (B) = P3#P3. It follows that H;(M) = Z & A, where A4 is
either (i) Z/2 or (ii) Z/2 @ Z /2. Now H;(M («)) is infinite, so « is the slope of the
rational longitude in H; (M), say a = {£a} and ix(a) =0 € A, where i: OM — M
is the inclusion. If «* = {£a™*} is any dual slope to & we have i(a*) = d& + 1, where
d > 1,& generates a free factor of Hy(M) and 7 € A. Write f = {+(ma+na*)} and
observe that A(«, B) = |m|. A simple computation shows that since H;(M(f)) =
Z/2®Z/2, we must have m = +£1 in case (ii) and therefore A(«, 8) = 1. Similarly
in case (i) we must have A(a, ) < 2. Both cases contradict our hypotheses, so we
also have A(x, ) <2 when g = 2.

Case2 M («) semi-fibres over the interval.

Subcase 2.1 M(B) =~ Ly#L, # P3#P3.
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Again, according to Proposition 9.1, we may assume that either A(a, ) = 3 and
(p.q) €{(2,3),(2,5).(3,5)}.

Let B* be a dual class to . According to Lemma 6.8, for each x € Jx,(«) and
p € R(Xo) Nt~ 1(v(x)), we have that p(8*) has order 3. Proposition 7.3 shows that
there are no reducible characters in v(Jx,(«)). Thus if x, € v(Jx,(«)), the image of
p is either contained in AV or is O»4 by Proposition 7.1. Since ¢ > 3, Lemma 6.5 and
Proposition 7.6 show that A(w, B) < 2, contradicting our assumption that A(w, 8) = 3.

Subcase 2.2 M (B) = P3#P3.
This case follows from [21, Theorem 1.2].
Subcase 2.3 M(B) =S' x S§2.

There is an exact sequence 1 > Z @ Z — w1 (M () - Z /2% 7Z/2 — 1 and therefore
a non-trivial curve Xo C Xpsr,(Z/2*7Z/2) C Xpsr,(M(a)) C Xpsr,(M). As
we have assumed that « is not a singular slope for a closed, essential surface in M,
Proposition 6.4 implies that || - ||x, # 0. Since we have assumed that 8 is not a
singular slope for a closed, essential surface in M , the same proposition implies that
Jx,(B) C X . Thus Proposition 8.1 (1) shows that A(a, ) = 1.

Case 3 M () admits a Seifert structure with base orbifold S2(3,3,3), S2(2,4,4),
or $2(2,3,6).

Our proof in this case depends on obtaining good estimates for the value of a Culler—
Shalen seminorm on «. To that end, let Xo C Xpgr,(M) be a non-trivial curve and
suppose that x is a character contained in v(Jx,()). Since by(M) =1, x = xp,
where p € R(X)p) is either irreducible or has a non-Abelian image by Lemma 6.7
and further, p(o) = £17. Thus p factors through 71 (M («)). Now apply [1, Lemma
3.1] to see that p factors through A(r,s,t), the orbifold fundamental group of the
base orbifold S2(r,s,t) of M(«) (a <b < c¢). The irreducible characters A(r, s, )
were calculated in [2, Propositions 5.2, 5.3, 5.4]. If x, is reducible, p induces a
representation o: A(r,s,t) - PSL,(C) whose image is upper-triangular and non-
Abelian. Write A(r,s,7) = (x, y : x%, y?, (xy)¢) and observe that up to conjugation,
o(x) is diagonal of order a and the (1,2) entry of a(y) is 1. The reader will verify
that as a(xy) is of finite order, there is at most one possibility for the character of o.
Thus, we have proven the following Lemma.

Lemma 10.1 (1) A(3, 3, 3) has exactly one irreducible PS L, (C)—character and it
is the character of a representation with image T, . It has exactly one reducible
PSL,(C)—character which can lie on a non-trivial curve in Xpsr.,(M).
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(2) A(2,4,4) has exactly three irreducible PSL,(C)—characters and they are the
characters of representations with dihedral images D,, D4 and D4. It has
exactly one reducible PSL,(C)—character which can lie on a non-trivial curve
in Xpsr,(M).

(3) A(2,3,6) has exactly two irreducible PS L, (C)—characters, one corresponding
to a representation with image D3, and the other to a representations with
image Ty, . It has exactly one reducible PSL,(C)—character which can lie on a
non-trivial curve in Xpgy,(M).

Proposition 7.6 now yields the estimates we need.

Proposition 10.2 Suppose that X is a non-trivial curve in Xpsyr,,(M) and that o is
a slope on M such that M () admits a Seifert structure with base orbifold S2(3, 3, 3),
S2(2,4,4), or S?(2,3,6). If a is not a boundary slope associated to an ideal point of
Xo, then

el < { %0 +4 if M () has base orbifold S*(3,3,3)
X0 = sx, +5 if M(«) has base orbifold S%(2,3,6) or S2(2, 4, 4).
Subcase 3.1 M (B) = L,#L,, where 2 < p <gq.

Let Xo = X(1,1) C Xps1,(Z/p*Z/q) = XpsL,(M(B)) C Xpsr,(M). Since we
have assumed that 8 is not a singular slope for any closed essential surface in M,
(6-2) and Proposition 6.6 imply that

2if p=2

4 if p>2.

(10-1) Aw, B) = lelixo | here SXy = {

SXo

Hence Proposition 10.2 yields A(x, f) <2 when p > 2. Similarly, if there are no
irreducible characters in v(Jy,(«)), then ||| x, < sx, + 2 (cf Lemma 6.5), which
yields the desired distance estimate. Assume, then, that p = 2 and v(Jx,()) contains
at least one irreducible character.

Subsubcase 3.1.1 2=p=gq.

In this case, all irreducible characters in X are characters of representations which
conjugate into A and therefore the base orbifold of M () cannot be S2(3, 3, 3) (Propo-
sition 10.2). When itis S2(2, 3, 6), we obtain ||| x, < sx, +3 and so A(e, ) <2 by
(10-1). When it is S2(2,4,4), Corollary 8.3 implies that the natural homomorphism
71(M) — my(M(B)) sends 7{(dM) to the unique index 2 cyclic subgroup C of
Z/2%7Z/2 (since B is not a singular slope for a closed essential surface in M ). Thus
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m1(dM) is sent to £/ under the diagonal representation whose character lies on Xj.
It follows that v(Jx,()) does not contain a reducible character (cf Proposition 6.2).
Thus Lemma 6.5 and Lemma 10.1 show that ||«||x, =< sx, + 3, which yields the desired
result.

Subsubcase 3.1.2 2= p <gq.

In this case, Xy contains exactly one character of an irreducible representation with
image contained in A/ (Lemma 6.5). Thus, when the base orbifold of M («) is
S2(2,4,4) we have |Ja| x, <sx,+3 and therefore A(a, 8) <2. Whenitis $%(3,3, 3)
we have |||y, < sx, +4 so that A(a, B) < 3. If this distance is 3, then X, contains
the character of a representation with image 77, and therefore ¢ = 3 (Lemma 6.5).
Then H{(M(B)) =~ 7Z/6 so that H{ (M) = 7Z & Z/n, where n divides 6. There
is a primitive element A € H;(dM), unique up to sign, which is sent to a torsion
element of H;(M). Let d be its order. The argument used in the proof of Observation
8.5 shows that there is a dual class u € H;(0M) to A which is sent to (d, j) €
Z®7Z/n=H((M).If B =apn+ brin H{(dIM), then a homological calculation
shows that 6 = |H{(M(B))| = |dan|. As d divides n and 6 is square-free, we
have d = 1. Hence A is homologically trivial in M and therefore if o = su + ¢A,
H{(M(x))=7Z/s®Z/n. Since this group surjects onto H1(A(3,3,3))=7Z/3607Z/3,
both s and n are divisible by 3. Thus ¢ is relatively prime to 3 and the same holds for
aas 6 =|H{(M(B))| = |dan| = |an|. Hence A(a, B) = |at —bs| # 0 (mod 3), and
we are done in this case.

Finally assume that the base orbifold of M («) is $?(2, 3, 6). Since v(Jx,(e)) contains
the character of an irreducible representation, Lemma 10.1 and Lemma 6.5 imply
that ¢ = 3. From Proposition 10.2 we have |||y, < sx, + 5 so that A(a, B) < 3.
Note moreover, that if A(a, 8) = 3, then sy, = 2 and v(Jx,(«)) consists of a T,
character and a reducible character (cf Proposition 7.6 and Proposition 10.2). Now
H{(M(B)) =7Z/6,s0 HH(M) =7 & Z/n, where n divides 6. The argument of the
last paragraph shows that there is a basis @, A for H;(dM) such thatif i: OM — M is
the inclusion, then i, (u) generates a Z-summand of Hy (M), while ix(A) = 0. Thus
for a primitive class § = sy + tA we have H;(M(8)) = Z/s & Z/n. In particular,
taking f = pu +gA wehave Z/6 = Z/p @ 7Z/n, so gcd(p,n) =6 and pn = 6.

There is a presentation

m(M(@@) = (x,y.h|x>=h""y3=h7, (xy)° = W, h central)
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where i, j, k are relatively prime to 2, 3, 6 respectively. Thus H; (M (c)) is presented
by the matrix

N N

20
A=103
i

Since the gcd of the minors of size 1 of A is 1, as are those of size 2, while the
determinant of A4 is 6(k —2j — 3i) = 0 (mod 12), we have H{(M(a)) = Z /121,
where / > 0. On the other hand if « = s + ¢tA, then Hy(M(x)) = Z/s ® Z/n, so
gcd(s,n) =1 and sn = 12/. These two conditions are not mutually compatible when
ne{2,6},sone{l,3}isodd. Butthen 3 = A(a, f) = |at —sb| =0 (mod 2), which
is impossible. Hence we must have A(w, ) < 2.

Subcase 3.2 M(B)=S!xS2.

In this case, 8 is the slope of the rational longitude in H; (0M) and thereforeb; (M («)) =
0. Tt follows that M («) is not Haken [20, VI.13], and therefore Theorem 3.2 implies
that « is not a boundary slope. Note, moreover, that as the Euler number e(M («)) € Q
is the obstruction to the existence of a horizontal surface in M («), and since a Seifert
manifold of the form we are considering admits a horizontal surface if and only if its
first Betti number is 1 [20, VI.15], we have e(M («)) # 0.

Consider the canonical curve Xps C Xpsr, (M) defined by a complete hyperbolic
structure [9, Section 9]. Denote by Bjs the largest | - ||as —ball which contains no
non-zero elements of Hq(dM) in its interior and recall that sp7 is the radius of Bys.
We have assumed that 8 is not a singular slope associated to a closed, essential surface
in M, and therefore Theorem 3.2 implies that § is not a strict boundary slope. It
follows from Proposition 8.1 (1) that ||B||as = sar- Indeed, [11, Section 1] implies
that Zx(fg) < Zx(f5) for each x € YO and § € H{(dM). According to Proposition
10.2 we have

sy + 4 if M(a) has base orbifold S2(3,3,3)

— <
(10-2) flerllxa, = {sM +5 if M () has base orbifold S2(2,3,6) or S2(2,4, 4).

Lemma 10.3 Let 8 = {+b} and B* = {£b*} Then

(1) b € 0B)s but is not a vertex. No class of distance 2 from b lies on 0By .

(2) If £(c1b + d1b*), £(c2b + drb™), ..., x(ckb + d1b*) € H{(OM) are the
primitive classes associated to the vertices of By, then Zf;l |di| < s
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_ [lee]l . llell
(3) Ifspr =2, then A(a, B) < ‘;‘—MM. Further, if sps > 3, then A(a, B) < z‘;‘—MM,

where
S ifspy =3
t=1 3 ifsy =4
2 ifspy =5

Proof As f is not a strict boundary slope and M (B) has a cyclic fundamental group,
IBllar = sar (Proposition 8.1(1)) and 8 is not a vertex of Bps. It is shown in [5,
Lemma 6.4] that if there is a class of distance 2 from S lies on By, then  would
be a vertex of Bps. This proves part (1).

It was shown in [11, Section 1.4] that there is a homomorphism ¢x: H{(0M) — Z
such that ITx(f,) = |¢x(y)|. Since |px(5x)| = 0, it is simple to see that for each
y € H(OM), |¢x(y)| = eA(y, bx) for some fixed integer e > 1. In particular, we
have e = I1x(fg)/A(B.8x). Hence dx = A(B,dx) divides T1x(fg) and for each y

we have I1x(fy) = 2%2; ; ITx(fg). Summing over all the ideal points yields

A(y, dx)
(10-3) Ivllar =) 7= Ix(/p)-
; AB.6x) P
In particular, sps = ||Bllar = D_, Ix(fg) = >, |dx|. This proves part (2) of the
lemma.

It follows from part (1) that if xb 4+ yb* € Bps, then |y| < 2, and therefore part (3) of
the lemma holds for sps > 5. Let

to = sup {y | xb+ yb* € Bys}

and observe that o = {£(pb + qb*)}, where ¢ = A(w, B). Since sps/||a|lpre € Bag
we have A(w, ) =g <to|l@|lpr/sr - Furthermore, we have strict inequality if there
is a unique xb + yb* € Byps with y = ty, since in this case equality would imply that
« is the slope of a vertex of Bjs and therefore a strict boundary slope. To complete
the proof of (3), we must show that 7y is given as in the statement of the lemma when
SpM € {2, 3, 4} .

First note that there is a vertex of Bps of the form xob + toh™. Let z be an ideal point
of Xz associated to a strict boundary class cxb + dxb* = v, € Hy(dM). The vertex
of Bjs associated to v, is given by spz/||vz]larvz. We explain below how to calculate
the maximum value taken on by the b*—coordinate of sps/||v;||arvz € 0Bps, where z
varies over all ideal points of Xjs.

If Xps has k ideal points zy, 22, ..., zg, then I1z, (fg). 12, (fB). . ... [1z, (fp) gives
a partition of sps = ||B||ar into k positive integers. Let v;; = ¢;b + d;b* and recall
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that d; divides IT;; (fg). If we have prior knowledge of the integers I1;, (/). ¢i, d;,
then we can calculate the values ||v;, ||as using (10-3), and therefore we can determine
the vertices of Bjs. In general though, we are not given these values, so we proceed
as follows.

Fix an integer k > 2, a partition (I, IT,,..., 1) of sar, and a sequence of classes
v;i = ¢;b + d;b*, where d; > 1 is a divisor of IT;. Set ||v;| = Zj# %H;
and v; = ”Sv%vi. Next we consider the polygon in H;(dM; R) whose vertices are
+vy, £v,, ..., £vi. We discard all polygons which are not convex, or which contain
a non-zero element of Hy(dM) in their interior, or whose maximal »*—coordinates
are at least 2, since such polygons cannot be the boundaries of a possible Bjs. In this
way we obtain a list of the possibilities for Bps for each value of sps. In particular,
we can determine an upper bound for their maximal b*—coordinate. For instance when
sy =2 or 3, an SL,(C) version of the calculation is contained in [5, Lemma 6.5].
The case sps =4 is handled similarly from this one observes that part (3) of the lemma
holds. This completes the proof of the lemma. O

Note that Inequality (10-2) and part (3) of the previous lemma show that
(10-4) Ale,f) =3

We must show that this inequality is strict. Denote the base orbifold of M («) by
S2(r,s,t). By Observation 8.5, there is a dual slope B* = {£b*} for B = {£b}, an
integer n > 1, and an isomorphism H;(M) =~ 7 & Z/n such that if i: IM — M is
the inclusion, then

ix(b*) = (n,0), ix(b) =(0,1).
Let £ € H{ (M) correspond to (1,0), so that ix(b*) = n&. Choose integers ¢, u such
that

a = {+(tb* +ub)}.

Then A(a, B) = |t].

Lemma 10.4 There is an isomorphism H{(M(x)) = Z/(u,n) & Z/ﬁ where

(u,n)’
Z/(u,n) and 7/ (;’i) are generated, respectively, by the images of %S + (u”wi* (B)
and &. Furthermore,

(1) if(r,s,t) =(3,3,3), then (u,n) = 3. Hence A(x, B) = |t]| # 0 (mod 3).

2) if(r,s,t)=1(2,4,4), then (u,n) =2 and n = 0 (mod 4). Hence A(a, ) = |t|
is odd.

(3) if (r,s,t) =(2,3,6), then gcd(u,n) = 1 and tn? is divisible by 12.
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Proof Since e(M(x)) # 0, Hi(M(x)) is finite. Moreover, it follows from our

conventions that it is presented by the matrix (# 9). Thus

Hy (M () = Z/(u,n) ® L] 2

(u,n)”
where the factors are generated as claimed. Comparison of this isomorphism with the
calculations of the previous lemma yields the remaining conclusions of this one. O

Part (1) of the previous lemma and Inequality (10-4) show that A(w, 8) < 2 when
(r,s,t) = (3,3,3). In order to deal with the remaining two cases we suppose that
A(a, B) = 3 in order to derive a contradiction. Setting f = {£b} and B* = {+b*}
we have

a =+3b* +ub)}
so that ged(3,u) = 1.

Assume that (r,s,¢) = (2,3,6). Then Lemma 10.4 (3) implies that 3n? is even
and ged(u,n) = 1, so n is even and u is odd. Thus gcd(u, 6) = 1. Consider the
representation p: w1(M)— PSL,(C) withimage D3 constructed as a composition of
surjective homomorphisms 7y (M) — 71 (M () — ni’rb(SZ(Z, 3,6)) =A(2,3,6) >
D3 C PSL,(C). Now p(m(0M)) C D3 is Abelian, hence cyclic of order 1,2
or 3. It cannot have order 1, as otherwise it would factor through m (M (B)) =
Z. Thus it has order 2 or 3. Since p(x) = £1 and |u| = A(w, B*) is relatively
prime to 6, p(7w1(dM))) is generated by p(b*). Thus the image of »* generates the
image of 71 (dM) under the composition of p with the Abelianization homomorphism
¢: D3 — 7 /2. Now ¢ o p factors through Hy (M) and b* is divisible by 2 in this
group (Observation 8.5). Thus ¢ o p(b*) = 0 and therefore p(b*) € [D3, D3] = Z/3.
But then as A(«, B) = 3, p factors through 7 (M (B)) = Z, which is impossible. We
conclude that A(x, f) < 2.

Finally assume that (r,s,7) = (2,4, 4). There is a dual class B85 = {£b5} for B such
that
a ={£(b+3b)}.

Set
by =b+bg.
Lemma 10.5

(1) b is sent to a generator of a /2 factor of Hfrb(Sz(2,4,4)) ~Z/2®Z/4
under the composition Hy(0M) — H(M) — H{™(S%(2,4.4)).

(2) Ifx € Jx,, (o), then fﬁik (x)=0.
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Proof (1) Lemma 10.4 implies that in our situation,
Hy(M(@) =Z/2& 7/,

where Z/2 and Z/ % are generated, respectively, by the images of w = =& +
(u”—n)i* (b) and &. Tt follows that w is sent to an element of order 2 in

HY™(S%(2,4,4) = Z/2® Z/4,

and £ is sent to an element of order 4. Lemma 10.4 also shows that (u”—n) is odd, so the

image of b in HP™(S%(2,4.4)) coincides with that of & — 2§2¢ for some € = £1. It
follows that £ and b generate Hfrb(S 2(2,4,4)), so the image of b is non-zero there,
and since 7 is divisible by 4, the image of 25 in Hfrb(S2(2, 4,4)) is zero. Thus (1)
holds.

(2) Let x € Jx,, (o) and set v(x) = x,, where p € R(Xpr). As a ={£(-2b+3b7)},
we see that

(10-5) p(b1) 7> = p(b)*.

We observed in the opening paragraph of case 3 that p factors through a representa-
tion 0: A(2,4,4) — PSL,(C). If p is reducible, there is a diagonal representation
0o: A(2,4,4) - PSL,(C) with the same character as ¢. Since g factors through
H{(A(Q2,4,4)) = Z/2®7Z/4, (10.5.1) shows that o sends the image of b} to 1.
It follows that (2) holds in this case.

Assume next that p is irreducible. Lemma 10.1 shows that the image of p is either
D, or D4 and so as w(M(B)) = Z, we have p(b) # 1. On the other hand, by
(10.5.1) it suffices to show that p(h)? = £1. This is obvious if x, is a D,—character
so suppose that it is a D4—character. Write A(2,4,4) = (x, y | x> =p* = (xp)* =1)
and Dy = (z,w | z2 = w* = (zw)?> = 1) C PSL,(C). There are two characters
of representations A(2,4,4) — PSL,(C) with image D, and they are represented
by the homomorphisms ¢y, ¢»: A(2,4,4) — Dy, where ¢1(x) = z,¢1(y) = w and
¢2(x) = zw, $p2(y) = w. As these two representations differ by an automorphism of
Dy, it suffices to prove that the image of b in D4 under ¢; has order 2.

Suppose otherwise. Then its image has order 4 and so b is sent to y€v € A(2,4,4),
where € € {1} and v € ker(¢;). Now ker(¢;) is normally generated in A(2,4,4)
by (xy)2,s0 v = Hf.;lui(xy)wiui_l, where u; € A(2,4,4) and 6; € {£1}. Now x,
resp. , projects to an element X, resp. 3, of order 2, resp. 4, in H;(A(2,4,4)) and
therefore as b is sent to (¢ +2); 6;)y in this group, it also has order 4 there. But
this contradicts part (1) of the lemma. Therefore 5 must be sent to an element of order
2in Dy. |
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Now we complete the proof of our current case. We set @ = b + 3b*, so o = {*a}.

Suppose first that sy = 2. Then the only roots of ];;3 on X; M are the two discrete,
faithful characters of 71 (M ). It follows that f;g(x) # 0 for each x € Jy,, (). But then
part (2) of the previous lemma shows that Jy,, (a) C Jx,,(B]) and so putting these
observations together with Lemma 10.3 (3) we conclude that ||87[lar > llollar = 3sps-
Then 1 B1la = sar- Now 1a lies on the line in H;(0M; R) which passes through
b and %b;“ and consideration of its position there shows that || %cx|| M =Sy =2. But
this contradicts |a|lpr < sy +5=7, 50 spr # 2.

Next suppose that sps = 3. If x € Jx,, (@) is such that x, = v(x) is irreducible,
the image of p is finite and non-Abelian (Lemma 10.1), from which we deduce
J8(xp) # 0. Thus part (2) of the previous lemma shows that x € Jy,, (BT). It follows
that [|B¥llar = s+ 3 = 2spr. Thus [3bF, 53] Nint(By) = @. But ga € [3bF, 5]
so that %||cx|| > sy = 3. But then 8 = sp7 + 5 > ||apr|| = 12, which is impossible.
Hence sps # 3.

Next note that 537 7% 4 since Lemma 10.3 (3) shows that A(w, B) < %(%) =3.

Suppose, then, that sps > 5 so that ||la||pr < sar+ 5 < 2sp7, or equivalently, § € Byy.
The line segment [—b, 7], which passes through by, is contained in Bjs. Therefore it
is contained in 0Bps and hence ||5|la = sar. But then 2537 = [lee][ar < spr + 5. It
follows that 537 = 5. We noted above that & is not a boundary slope, so § is not a vertex
of Bys,noris b+ 2b; by Lemma 10.3(1). Thus there is a vertex vo = xob + yobg
of the edge of dBys containing [—b, §] with 2 < fc—g < 2. Let cob + doby € Hy(0M)
be the boundary class which is a rational multiple of vy. As s3ps = 5, part (2) of
Lemma 10.3 shows that |dy| € {3,4} and therefore since ?—(‘)’ = )yc_g either ﬁ €(2,3)
or ﬁ € (2, 3), which is impossible. This final contradiction shows that A(x, 8) <2
when (r,s,1) = (2,4,4). (Lemma 10.4 (2) then shows that we have A(x, f) =1 in
this case).

11 Characteristic subsurfaces associated to a reducible Dehn
filling

In this section we develop the background results needed to prove Proposition 5.4. We
assume that M is a compact, connected, orientable, simple 3—manifold with torus
boundary and M (B) is a connected sum of two non-trivial lens spaces one of which is
not P3.

Recall that an embedded 2—sphere in a 3—manifold is called essential if it does not
bound a 3-ball. Since M (f) is a connected sum of two non-trivial lens spaces, a
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standard cut-paste argument shows that there is an essential 2—sphere Fin M B)
such that F = M N F is a connected properly embedded essential planar surface F in
M with boundary slope 8. Any such surface F is separating in M since M () has
zero first Betti number. Any such surface F is not a semi-fibre since otherwise M (8)
would be a connected sum of two P3’s. Among all such surfaces, we assume that F
has been chosen to have the minimal number of boundary components. Set m = |dF|.
Note that m is an even number since F' is separating. Since M is a simple manifold,
we have m > 4. The planar surface F splits M into two components, X+ and X,
and F separates M (f) as Xt and X~ each of which is a punctured lens space. We
may and shall assume that X+ isnot P3. We use € to denote an element in {£}.

We call a properly embedded annulus (A4, dA4) C (X€, F) essential if its inclusion is
not homotopic rel d4 to a map whose image lies in F. The minimality of m = |0F|
has the following useful consequence.

Lemma 11.1 Suppose that (A,04) C (X€, F) is a properly embedded essential
annulus. The boundary of A splits F into an annulus B and two disks N, N'. Then
the number of boundary components of F which lie in N equals the number of
boundary components of F which lie in N'.

Proof Since X¢ has zero first Betti number, the annulus A separates X¢ into two
pieces W and V', where dW is a 2—sphere and dV is a torus.

Let n,n’ and b be the number of boundary components of F which lie in N, N’ and
B respectively. We may suppose that n <n’. If b =0, then dV C M and so V is
a solid torus in which the winding number of B is at least 2 (since A is an essential
annulus and thus not parallel to B). It follows that a regular neighborhood in M (f) of
N UV is a punctured lens space whose boundary S is an essential 2—sphere in M (f).
Hence the number of components of S NdM is at least m. Thatis, 2n >m =n+n'.
Hence n > n’, which implies that desired result.

On the other hand if b > 0, then dW is inessential in M (B) and thus W is a 3-ball. If
the 2—sphere boundary S; of a regular neighborhood U in X of N UV is inessential
in M(B), it follows that U is also a 3—ball. But this is impossible as it would imply
that X € is a 3-ball. Hence S is essential in M (B). Since it intersects M in 2n+b
components we have 2n+b >m =n-+b+n’,ie n > n’. This completes the proof. O

Each essential annulus A properly embedded in (X €, F) separates the punctured lens
space X€, and hence X€. Let V(A) be the component of /\?j such that V(4) N F
is an annulus E(A). We call a pair of disjoint essential annuli 4 and A" properly
embedded in (X€, F) and (X€', F) nested if either 94’ C E(A) or A C E(A4’).
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The only Seifert fibred spaces contained in a simple manifold are solid tori. This fact
has the following useful application.

Lemma 11.2 If A and A’ are disjoint essential annuli properly embedded in (X €, F)
and (Xe/, F), then they are nested.

Proof Let co.c; be the boundary components of A and c;.c] those of A". We
assume first that ¢ = ¢’. If A, A" are not nested, then V(4) N V(A4A') = @ and we
can number the boundary components of 4 and A’ in such a way that they divide
the 2—sphere F into five components whose interiors are pairwise disjoint: a disk
N bounded by c¢y; the annulus B = E(A) bounded by ¢; and ¢g; an annulus FE
bounded by ¢q and cy; an annulus B’ = E(A’) bounded by ¢;; and ¢} ; and a disk
N’ bounded by c|. Let n = [N N0F|,b = |B N dF| and define e, b’, n’ similarly.
According to Lemma 11.1 we have n = e + b’ +n’ and ' =n + b + e. It follows
that b = ¢ = b’ = 0 and therefore V(A), E,V(A’) C M. Since M is simple, both
V(A) and V(A') are solid tori and as A and A’ are essential in (X €, F), the winding
numbers of B in V(A) and B’ in V(A’) are at least 2 in absolute value. It follows
that a regular neighbourhood of V(A) U E U V(A’) in M is Seifert fibred with an
incompressible torus for boundary. But the simple manifold A does not contain such
a Seifert fibred space. Thus A4, A’ must be nested.

Assume, then, that € # €’. The case where E(A) N E(A’) = & can be shown to be
impossible as in the previous paragraph. Next suppose that E(A4) N E(A") # & but
neither E(A) C E(A’) nor E(A’) C E(A). We number the boundary components of
A and A’ in such a way that they divide the 2—sphere F into five components whose
interiors are pairwise disjoint: a disk N bounded by ¢;; an annulus B bounded by
c1 and C6; an annulus E bounded by c(/) and c¢o; an annulus B’ bounded by ¢¢ and
ci;and a disk N’ bounded by ¢ . Let n = |[N N 0F| and define b,e,b’, n" similarly.
Lemma 11.1 implies that b = b’ = 0 and thus A’ may be isotoped in (X¢', F) so that
dA’ =0A4. Then T = AU A’ is a torus in M which must be compressible as m > 2.
As T is not contained in a 3-ball, it bounds a solid torus V' in M . It is easy to see
that V =V(A)U V(A4’) and so E = V(A)NV(A') C F,ie e =0. But then E is
isotopic through V to either A or A’, which contradicts the essentiality of these two
annuli. Hence it must be that either 04’ C E(A) or d4 C E(A’) and thus A, A’ are
nested. d

Lemma 11.3 If A and A’ are disjoint essential annuli properly embedded in (X €, F)

and (X ¢ F ) such that a boundary component of A is isotopic in F to a boundary
component of A’, then € = ¢’ and A and A’ are parallel in X€.
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Proof By the previous lemma, A and A’ are nested. Without loss of generality we
may suppose that d4 C E(A’). Let ¢g,c; be the boundary components of A, and
(,’6, ci those of A’, where the indices are chosen in such a way that the four curves
co, C1» c() and ¢ divide F into five components whose interiors are pairwise disjoint:
a disk N bounded by c6; an annulus £ C F bounded by ¢y and cg; an annulus B
bounded by co and ¢y ; an annulus £’ bounded by ¢; and ¢{; and a disk N’ bounded
by ci. Let n be the number of components of N N dM . Define b, e’,n’ similarly
sothat n +b + ¢ +n" =m. Lemma 11.1 shows that ¢/ = 0. Now it must be that
€ = €' as otherwise A’ can be isotoped in (X ¢ F ) so that its boundary equals that
of A. The argument in the last paragraph of the proof of the previous lemma shows
that this situation cannot arise. Thus €e =€¢’. If b =0, then / UEUBUE’ isa
torus bounding a solid torus V in M. Since A’ C V and is not parallel into F, it
must be parallel into A. Thus the lemma holds. On the other hand, if b # 0, then
Si=NUEUAUE'UN/’ is an inessential 2—sphere in M () and therefore bounds
a 3-ball W in X€. It follows that A4 and A’ are parallel in X€ through W. This
completes the proof. |

Let (2¢, @) C (X€, F) be the characteristic Seifert pair of (X€, F) and (€, ®€) C
(X€, F) be the characteristic /-bundle pair it contains. We shall use 7, to denote the
free involution on @€ induced by I fibres of €. Let ®% denote the ; th characteristic
subsurface with respect to the pair (M, F') as defined in [3, Section 5]. Note that ®f
is the large part of ®¢ and that the involution 7 restricts to a free involution on ®f,
which will still be denoted as 7. Let (X, ®S) be the corresponding /-bundle pair.

Lemma 11.4 (X1, ®™) is a product I —bundle pair, ie there is no embedded Mobius
band (B,dB) C (X, ®™"). In particular, ®+ # F.

Proof Suppose otherwise that (B,dB) C (X7, ®T) is an embedded Mobius band.
Then 9B bounds a disk N in F. The union of N and B is an embedded projective
plane in Xt. A regular neighborhood of this projective plane in Xtisa punctured
P3. This implies that X itself is a punctured P3, contrary to our assumptions. [

Lemma 11.5 Suppose that (B, 0B) C (X, F) is a properly embedded Mébius band.
Then 0B cannot be isotoped into CIDI".

Proof Let A’ be the essential annulus in (X, F) which is the frontier of a regular
neighbourhood of B in X . If 9B can be isotoped into ®7, then the previous lemma
shows that there is an essential annulus A4, properly embedded in (X, F), whose
boundary contains dB. After a small isotopy of 4 rel dB we can assume that A and
A’ are disjoint. But this contradicts Lemma 11.3 since a boundary component of A4 is
isotopic to a boundary component of A’. Thus dB cannot be isotoped into <I>;L. |
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A root torus in (X€, F) is a solid torus ® C X€ such that ® N F is an incompressible
annulus in 0® whose winding number in @ is at least 2 in absolute value.

Lemma 11.6

1)

@)

Let ® be a component of X and set ® =0 N F. If (®, ®) isnotan (I,9])—
bundle, then ® is a root torus.

Let ®; and &, be distinct components of ®§ and E C F an annulus whose
boundary consists of a component ¢y of d®; and a component ¢, of 3®,. Then
after possibly renumbering ®, ®,, there are an annulus E' 2 E in F with
¢y C 0E’ and components X1, X, of ¢ such that X is a product I —bundle
component of Ei containing ®; and X, is a root torus such that X, N F C E’.
Moreover, either

i) E=E ., NF=®,Ud,, t(c;) =c, and X, N F C int(E), or

(i) E#E',X,NF=®,Cint(E’).

In particular, there is a root torus in X € whose intersection with F lies in E .

Proof

ey

(@)

Since simple manifolds contain no Seifert submanifolds with incompressible
boundaries, ® is a solid torus. Now @ is a disjoint union of essential annuli
By,B;,...,B,. If n> 1, then Lemma 11.3 shows that » =2 and (®, ) =~
(S'x I x1I,8"x1IxdI), contrary to our hypotheses. Thus #» = 1 and from
the defining properties of the characteristic Seifert pair we see that the winding
number of ® = B; in O is at least 2 in absolute value.

Let X, X, be the components of X§ which contain @y, ®, respectively. For
Jj = 1,2 there is a unique annulus (A4;,04;) C (frye (27), 0®7) which is
essential in (X€, F) and which contains ¢;. If 4} = A4,, then ¥ = X/, and
so X1 NF D ®; UP, has at least two components. It follows that 3¢ is a
product 7-bundle with ¥; N F = ®&; U ®, (cf part (1) of the lemma). Clearly
Te(c1) = ¢p. Moreover, A, U E is a torus in M which bounds a solid torus
V C X€. Since A, is essential, it is isotopic to a component X, of X with
3, N F Cint(E). Thus (i) holds.

Assume, then, that 4; # A,. According to Lemma 11.3, A; and A4, are
parallel in X €. Hence there is another annulus E* in F such that d(A4;UA,) =
J(E U E*). Lemma 11.2 implies that at least one of the (X, X; N F), say
(21,21 N F),isan (I, d])-bundle. Then (X,, ¥, N F) cannot be an (1, d/)-
bundle as otherwise the product region N between A; and A, could be used
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to build an (/, d/)-bundle structure on ¥ U N U X5, contrary to the defining
properties of X¢. Thus (X,, ®;) is a root torus. Set E' = EU (X, N F)U E*
and observe that (ii) holds. O

A boundary component of € or <I>j€. is called an inner boundary component if it is
not isotopic in F to a component of dF, otherwise it is called an outer boundary
component. Note that every boundary component ¢ of ®{ is a boundary component
of an essential annulus in (X7, ®7) C (X, F)) whose boundary is ¢ and 7¢(c). The
following result is a consequence of Lemma 11.1.

Lemma 11.7 A simple closed curve ¢ in F is an inner, resp. outer, boundary com-
ponent of ®¢ if and only if t<(c) is an inner, resp. outer, boundary component of
Pe.

By Lemma 11.7 and Lemma 11.3, we can and shall normalize <I>]€. to have the property
that if a component of dF is isotopic to a boundary component of <I>JE., then it is already
contained in @;.

Recall from [3, Section 7] that a subsurface 7' of F is said to be tight if the frontier of
T in F is a connected simple closed curve. Thus a component of ®f is tight if and
only if it has exactly one inner boundary component. It follows from Lemma 11.7 that
T permutes the tight components of @{. Note also that a component ®q of ®f left
invariant by the free involution 7 has an even number of inner boundary components
since 7¢|®g reverses orientation. In particular, no tight component of @ is invariant
under 7. Thus they are paired by this involution.

Lemma 11.8 If ®§ # F and x(F) = x(®}), then ®f consists of a pair of tight
components Ty, T, and it contains dF . Moreover, t¢(T1) = T).

Proof Note that we also have y(F) = x(P€) and ®€ # F. Obviously ®¢ has at
least two tight components 7', 7> with 7¢(77) = T>. If ¢; denotes the inner boundary
component of Tj, then we also have t¢(c;) = ¢p. Since x(F) = x(d€), there is
an annulus £ C int(F) such that £ N &€ = JE and £ N T; = c¢;. According to
Lemma 11.6 (2), there is a product /-bundle component of € which intersects
Fin T1 Ut (T}) = Ty UT, and 0FE = ¢1 U te(c1) = ¢1 Ucy. It follows that
F=T,U. EU,, T, as claimed by the lemma. O

Suppose that ¢ is a simple closed curve in F. We will say that ¢ sweeps out an

essential annulus in (X°€, F) if there is an essential annulus in (X€, F)) having a
boundary component isotopic to c.
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Lemma 11.9 Let ¢ be an essential simple closed curve contained in ®€. If ¢ sweeps
out an essential annulus A in (X€, F), then A is isotopic in (X€, F) to an essential
annulus in the component of %€ which contains c¢. In particular, 0A is isotopic in F to
cUte(c).

Proof Let @ be the component of ®€ which contains ¢ and ¥ the component of 3¢
containing ®¢. The annulus (A4, dA4) is homotopic in (X€, F) into a component ® of
the characteristic Seifert pair (X, ). If ® = X, then it is easy to see that the lemma
holds. On the other hand if ® # X, then c¢ is isotopic in F to the core of an annulus
E C F whose boundary consists of a component of 0®( and a component of d(® N F).
Without loss of generality we can suppose that ¢ = dE N ®y. Then ¢ sweeps out an
annulus A; C frye(Xo) which is essential in (X€, F). Set ¢/ =0E\¢c CId(ONF)
and let A, be the essential annulus contained in frye(®) which is swept out by ¢’. By
Lemma 11.3, A, is parallel to A, in X€ and by Lemma 11.6, (®,® N F) is a root
torus. Since A4 is homotopic into ® but not into F, it is isotopic to A,, and therefore
to Ay C X€. This completes the proof of the lemma. O

Lemma 11.10 Let ¢ be an essential simple closed curve in F. The following condi-
tions are equivalent:

(1) ¢ sweeps out an essential annulus in (X €, F);

(2) c¢ is isotopic in F to a simple closed curve ¢’ in ®¢ such that the geometric
intersection number of ¢’ and t¢(c') is 0.

Proof From Lemma 11.9 it is clear that (1) implies (2).

If condition (2) holds for ¢, then, by choosing a negatively curved metric on F, we
may assume that either ¢’ and t.(c¢’) are disjoint or that ¢’ is invariant under 7¢. In
the first case, there is an essential annulus in (X€, ) with boundary curves ¢’ and
7e(¢’). In the second case there is an embedded Mébius band (B, dB) C (X €, F) with
boundary curve ¢’. The frontier of a regular neighborhood of B in X€ is an essential
annulus with both boundary curves isotopic to ¢’, and hence to c. |

Lemma 11.11 If ¢ is an inner boundary component of dDj. which is isotopic to a
simple closed curve in dDj_frl , then ¢ sweeps out an essential annulus in (X ¢, F).

Proof Let ¢’ be a simple closed curve in CD].__T_I which is isotopic to ¢. Since T_¢(c’)
lies in CD;, and since ¢’ is isotopic to a boundary curve of CIDJE., it follows that the
geometric intersection number of ¢’ and t—_¢(c¢’) is zero. Now apply Lemma 11.10. O
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Recall from [3, Proposition 5 3 1] that for each € € {£} and j > 0, there is a home-
omorphism hE <I>E—>d>( DT
properties. In partlcular

e , unique up to isotopy, which satisfies some useful

(11-1) RSt @5 = @, for each € € {+} and each j > 0.
Moreover,
RSiv1: P54 = @5 ;41 is a free involution for each € € {=£} and each j > 0.

For any compact surface S, x(S) denotes the Euler characteristic of S'.

Proposition 11.12 Suppose that j > 2 and that X(CIDJE.) = X(CIDJE.H). Then <I>E CIDJGJrl
Proof If CIDE #* d>€+1 , there is an annulus (£, 0F) C (CDE \1nt(q)€+1) o +1) We
show that thls leads to a contradiction.

Consider the homeomorphism hé O —><I>j( DT The i nna X of d> 4 under this
homeomorphism is, by [3, Proposmon 5.3.5], <I>( nle CD( Thus the image
Ey of E under this map satisfies

Eq C (F\int(@{" ) a0

Let ¢y be a boundary component of Eq. Then ¢ is a boundary component of @E_l)je
and thus is a boundary component of an annulus A which is properly embedded
and essentlal in (X (=1)e , F). On the other hand, ¢ is isotopic in F to a curve in

CD( D* € and so since j > 2, Lemma 11.11 implies that ¢ is a boundary component
of an essential annulus (4, 94,) C (X© 1)]+l€, F). But this contradicts Lemma 11.3.
Hence ®$ = ¢ a

J Jj+1
Corollary 11.13 Fix € € {£1} and suppose that x(®5, , ;) <0 for some k > 1. Then
X(DF) < x(DF) <+ < x(PG43)-

Proof Apply Proposition 11.12 and [3, Proposition 5.3.9]. m|

Lemma 11.14 Suppose that (X €, F) is not a twisted I —bundle pair. Then x(F) <
x(®5).

Proof Suppose otherwise that x(F) = x(®5). According to the previous lemma

we have @5 = @ and therefore [3, Proposition 5.3.9] implies that ®§ # ®5. But
since X(<I>E) = X(CID ), there is an annulus (E,0E) C (®f \ int(®5 ) IO ) Let
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E| = t(E) C ®f and observe that E; C F \ int(®7€) while dE; C d®7¢. By
Lemma 11.6 there is a root torus V7 C X~ € such that Vi N F C E;. Let A1 be the
essential annulus in (X €, F) given by dV; \ (Vi N F).

Next observe that since X¢ is not a twisted /-bundle but x(F) = x(®9), there is
an annulus E5 C F \int(®9) such that dE, C d®$. Another application of Lemma
11.6 produces a root torus V, C X€ such that V, N F C E,. Let A, be the essential
annulus in (X ™€, F) given by dV, \ (V2 N F). Since Vi N F C Ey C ®f and
VaNF C E; C F\int(®5), we may suppose that V1 N V3 is empty. But then, 4y, 4,
are disjoint essential annuli which are not nested, contrary to Lemma 11.2. Thus we
must have x(F) < x(®%). |

Lemma 11.15 Any reduced homotopy in (M, F) has length at most m—2 if (X, F)
is not a twisted I —bundle pair or has length at most m — 1 if (X, F) is a twisted
I —bundle pair. Furthermore, if a reduced homotopy in (M, F') has length m — 1, then
it starts and ends on the X~ side.

Proof First note that, by [3, Corollary 5.3.8], X(CIDJG.) is even for each j > 1 odd.
Applying this together with Corollary 11.13 and Lemma 11.14 we see that ®¢ _ | is
the empty set if (X€, F) is not a twisted /-bundle pair. So the length of a reduced
homotopy in (M, F) is at most —x(F') = m —2 if the homotopy starts on a side which
is not a twisted /—bundle pair, and at most 1 — x(F) = m — 1 if the homotopy starts
on a side which is a twisted /—-bundle. In the latter case, the homotopy starts on the
X~ side by Lemma 11.4, and finishes there since m is even. |

It follows from the definition of cDj. that if (X, F) is a twisted /-bundle pair, then

Y +
<I>2j—<19 1anqu o

P>
2j+ 2j42 for each j > 0.

+ _
2j4+1 =

Lemma 11.16 If (X, F) is a twisted I —bundle pair and <I>;r is not empty, then
X(@F) < x(®7).

Proof Suppose otherwise. Then X(CID;) = X(CDSL). By Proposition 11.12, we have
@;’ = @;L. Thus <I>;r = @;r = @gL. But this is impossible as it contradicts [3,
Proposition 5.3.9]. |

Proposition 11.17 If x(F) < X(CDT), then any reduced homotopy in (M, F) has
length at most m — 3.
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Proof First assume that (X, F) is a twisted /-bundle pair. It follows from Lemma
11.16, Corollary 11.13 and the assumption x(F) < X(CDT) that @;_3 is the empty
set. Hence a reduced homotopy in (M, F) has length at most m — 4 if it starts on X+
side and length at most m — 3 if it starts on X~ side.

Suppose, then, that (X, F) is not a twisted /-bundle pair. If X(QDT) < X(ij), then
arguing as in the previous paragraph yields the desired conclusion. Suppose, then, that
X(CIJT) = X(@;r). Then dD;r = @;’ by Proposition 11.12. It follows from the definition

of the characteristic subsurfaces that CDEJ. = @;j 4, and CD;J. = CD;FJ. 4 for each
j = 1. Now Corollary 11.13 and the condition x(F) < X(CDD imply that q);;_l is
the empty set. Since m — 1 is an odd number, @;_2 = CID;_l is the empty set. But

@, _, is homeomorphic to CD;_Z (cf (11-1)) and thus ® . =&, is the empty
set. Therefore the length of a reduced homotopy in (M, F) is at most m — 4 if the

homotopy starts on the X~ side and therefore at most m — 3 in general. a

Corollary 11.18 If there is a reduced homotopy in (M, F) with length at least m — 2,
then QDT consists of a pair of tight components and contains dF . Further, ®7 is either
a twisted I —bundle or consists of a pair of tight components and contains 0F .

Proof By Proposition 11.17, we have x(F) = X((D;r). By Lemma 11.4 <I>;r # F.
Now apply Lemma 11.8 to see that <I>;L consists of a pair of tight components and
contains JF .

If @7 is not a twisted /-bundle, we may exchange X4 and X_ O

12 Proof of Proposition 5.4

Recall that we are assuming that 8 is a strict boundary slope, M () is a connected sum
of two non-trivial lens spaces, one of which is not P3, and M () admits a 7 —injective
immersion of a torus. We will use the method of [3] to show that A(«, B) < 4.

Let Vy be the filling solid torus used in forming M («). As in [3] we obtain a map
h: T— M («) from a torus 7 to M («) such that

(1) h~'(V,) is a non-empty set of embedded disks in 7" and / is an embedding
when restricted on 271 (Vy);

(2) h~I(F) is a set of arcs or circles properly embedded in the punctured torus
QO =T\ h~'(Vy), where F is the planar surface given in Section 11;

(3) If e is an arc component of 4/~ (F), then h: e— F is an essential (immersed)
arc;
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(4) If ¢ is a circle component of A~!(F), then ¢ does not bound a disk in Q and
h: ¢c—F is an essential (immersed) 1-sphere.

For any subset s of T, we use s* denote its image under the map /. Denote the
components of 3(2~"(Vy)) by ay....,a, sothat af,... a} appear consecutively on
dM . Note again that a1, ...,a, are embedded in dM and each of these curves has
slope «. Denote the components of dF by by, ..., by, so that they appear consecutively
in dM . We fix an orientation on Q and let each component a; of dQ have the induced
orientation. Two components @; and a; are said to have the same orientation if a}
and a;’.‘ are homologous in dM . Otherwise, they are said to have different orientations.
Similar definitions are defined for the components of dF. Since Q, F and M are all
orientable, one has the following rule.

Parity rule An arc component e of /=1 (F) in Q connects components of dQ with
the same orientation (resp. opposite orientations) if and only if the corresponding ¢* in
F connects components of dF with opposite orientations (resp. the same orientation).

We define a graph I" on the torus 7" by taking 4~ !(V,) as (fat) vertices and taking arc
components of 4171 (F) as edges. Note that I" has no trivial loops, ie no 1-edge disk
faces. Also note that each a} intersects each component b; in dM in exactly A(a, B)
points. If e is an edge in I" with an endpoint at the vertex a;, then the corresponding
endpoint of e*, is in a; Nb; for some b;, and the endpoint of e is thus given the label
j . So when we travel around «a; in some direction, we see the labels of the endpoints
of edges appearing in the order 1,...,m,...,1,...,m (repeated A(w, B) times). It
also follows that each vertex of I' has valence mA(«, B).

Suppose that ¢ and ¢’ are two adjacent parallel edges of I". Let R be the bigon face
between them, realizing the parallelism. Then (R, e U¢e’) is mapped into (X €, F) by
the map & for some €. Moreover, h|g provides a basic essential homotopy between
the essential paths /|, and /e (cf [3]). We may and shall assume that R* = h(R) is
contained in the characteristic /-bundle pair (X9, ®¢) of (X€, F). We may consider
R as e x I and assume that the map /s: R— X is I —fibre preserving.

A face f of T is said to lie on the X € side if f™ is contained in X €. Every face of
I lies on either the X ¥ side or the X~ side. Since F separates M , if two faces of T
share a common edge, then the two faces will lie on different sides of F.

The torus dM is cut by dF into m = 2g parallel annuli. We denote these annuli by
Bi,...,By sothat 0B; =b; Ub;y fori =1,...,m—1 and 0B, = by Ub;. We
may assume that B is contained in X~ . Then for each odd i, B; is contained in X~
and for each even i, B; is containedin X . So X~ = FUB;UB3U---U Brg 4
and 0XT = FUB,UB,U---U B>, both being closed surface of genus g.
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The complement of the interior of F in the essential 2—sphere F is a set of m disjoint
meridian disks of the attached solid torus V,,. These disks cut the solid torus V,, into m
pieces, denoted Hj,..., Hy,, such that each H; is a 2-handle attached to X~ (when
i odd)orto X+ (when i even) along B;.

Suppose that the characteristic 7—bundle pair (X7, @;L) C (X, F) is a connected
trivial /—bundle containing all B; with i even, ie <I>;r is a pair of tight components 77
and 73 including all components of dF. This happens when the length of a reduced
homotopy in (M, F) is at least m — 2 by Corollary 11.18. Let f]f be ET with all
the 2—handles H;, i even, attached along B;. Then if is an I -bundle over the disk
Tl , where Tl is the disk in F whose intersection with F is the tight component 77
of ®]. Write &7 = T x [0, 1]. Let D, = Ty x {1/2}. Let U be the union of &7
and a regular neighborhood of Fin X, Obviously U is a once punctured solid torus
with Dy, as a meridian disk. The torus boundary of U must bound a solid torus V' in
Xt . That is, the once punctured lens space X is the union of U and V along their
torus boundary. Hence the core curve of U carries a generator of the first homology
group of Xt when given an orientation. We record this property in the following
lemma which will be used later in the proof of Lemma 12.8.

Lemma 12.1 If the length of a reduced homotopy in (M, F) is at least m — 2, then
the core curve of the punctured solid torus U given in the proceeding paragraph carries
a generator of the first homology group of the non-trivial punctured lens space Xt and
the disk D is a meridian disk of U .

Definition 12.2 A pair of adjacent parallel edges {e, e’} of T is called an S —cycle if

* the two edges connect two vertices v and v’ with the same orientation;

« the label of the endpoint of e at v is j and the label of the endpoint of e at v’
is j 4+ 1 (note all calculations concerning labels are defined mod (m));

* the label of the endpoint of ¢’ at v is j + 1 and the label of the endpoint of ¢’
at v’ is j.

An S—cycle {e, e’} is called an extended S—cycle if the two edges e and ¢’ are the
two middle edges in a family of four adjacent parallel edges of I', see Figure 1.

Lemma 12.3 Suppose that two vertices v and v’ of ' have the same orientation and
are connected by a family of n parallel consecutive edges eq,...,e, of I.

(1) Ifn>m/2, then there is an S —cycle in this family of edges.
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Figure 1: An extended S —cycle.

(2) Ifn> % + 1, then cither there is an extended S —cycle in this family of edges or
both {ey,e,} and {e,_1, e,} are S —cycles.

(3) If n> 3 4 2, then there is an extended S —cycle in this family of edges.

Proof Part (1) is [11, Corollary 2.6.7]. Parts (2) and (3) follow from part (1) directly.
O

Lemma 124 If {e,¢’} is an S—cycle in T, then the bigon face R between them
is mapped into (X, ) under the map h. Moreover, there is properly embedded
Moébius band B C X~ such that 0B is contained in @7 .

Proof Assume R* is contained in X{ and that the S'—cycle has labels j and j + 1.
Then e* and e’* are paths in F connecting the two components b; and b of OF.
Recall that B; denotes the annulus in dM with boundary b; Ubj 1, and ¢ denotes
the involution of ®{. We have z¢(b;) = te(bj+1) and te(e*) = te(e’*) and hence
the connected set b; U e* U *Ub j+1 18 invariant under 7. There is a te—invariant
regular neighborhood N of b; Ue* U e* U bj+1 contained in ®f and it is simple to
see that there is a to—invariant essential simple closed curve in N. Thus there is a
properly embedded Mobius band B C X € such that B is contained in N . Therefore
by Lemma 11.4, we have € = —. |

Lemma 12.5 There is no extended S —cycle in I".

Proof Suppose that {e, ¢’} is an extended S—cycle of " as shown in Figure 1. If R
denotes the bigon face between e and e’, Lemma 12.4 shows that R* is contained
in X7 . From Figure 1, one easily sees that the set b; Ue* Ue™* Ubj is contained
in cD;F and so the same may be assumed true for its regular neighborhood N used
in the proof of Lemma 12.4. It follows that the boundary of the Mdbius band in X ™
constructed in the proof of Lemma 12.4 is contained in CID;r . But Lemma 11.5 prohibits
this possibility. Thus I' contains no extended S —cycles. O
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Lemma 12.6 Suppose that m > 6. If two vertices v and v’ of ' have the same
orientation, then they cannot be connected by 5Sm /6 parallel edges.

Proof By Lemma 12.5 and Lemma 12.3 (3), 5m/6 < 3 42, ie m < 6. So suppose
m =6 and there are 5m/6 =5 = 5 +2 parallel consecutive edges ey, ..., es connecting
two vertices with the same orientation. Then by Lemma 12.3 (2) and Lemma 12.5,
we may assume that both {eq, e,} and {eq4, es5} are S—cycles. But the bigon face R
between e, e> and the bigon face R’ between ey4, e5 are on different sides of F. This
contradicts Lemma 12.4. O

Suppose that I has m consecutively parallel edges ey, ..., e, connecting two vertices
v and v’ with different orientations. The existence of the m parallel edges implies that
there is a length m — 1 reduced homotopy in (M, F). Let R; denote the bigon face
between the adjacent parallel edges e; and ¢; 1,7 =1,...,m—1. Then RT, R R;"n_l
are contained alternatively in X~ and X T starting and ending on the X~ side of F
by Lemma 11.15. Thus each of the bigon faces Ry, Rj3, ..., R;—1 is mapped in

(Zl_, CDI_) and each of Ry, Ry, ..., R,;—> is mapped in (Z+, CDT).

Orient all the edges ey, ..., e, in the same direction such that their tails are in v
and their heads are in v’. Up to renumbering, we may assume that the labels of the
tails of eq,...,em are 1,...,m respectively. The labels of the heads of eq,...,e;
are a(1),...,0(m) for some permutation o of {1,...,m}. (Note that the indices are
defined modulo m.)

Since F separates M, b; and b;4 have different orientations, for all i. Also b; and
bj have the same orientation if and only if i = j (mod 2). By the parity rule, for each
i €{l1,...,mj}, the components b; and b(;) of OF, connected by e/, have the same
orientation. (Note that if b; and b, ;) are the same component of dF for some 7, then
they are the same component for all i = 1,...,m, ie o is the trivial permutation.) It
follows that b; is different from b4 (;4.1) and that by ;) is different from b; 4, for all
i.

Let d be the number of orbits of the action of the permutation o on the set {b1, ..., b},
each of m/d elements. We may assume that indices are given as shown in Figure 2. By
the parity rule, the index k in Figure 2 must be an odd number. From Figure 2, we see
obviously that b; and by are in the same orbit, and b,, and b;_; are in another orbit.
By Corollary 11.18, cD;F is a pair of tight components, 77 and 75, which include all
boundary components of F'.

Lemma 12.7 Suppose that ey, ..., e, are m consecutively parallel edges of I con-
necting two vertices v and v’ with different orientations. We may assume that the
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Figure 2: A pair of vertices of opposite orientations connected by m parallel edges.

permutation o given in the preceding paragraph is as shown in Figure 2. Then by U by,
and by_, U by, are contained in different components of ®7 ; ie one in Ty and the
otherin T, .

Proof Recall that the annulus Bj_; in dM has boundary by _; U by and the annulus
By, has boundary by, U by, both contained in X+. Thus b;_; and by are contained
in different components of ®., and so are b; and by, . In particular, the conclusion
of the lemma follows immediately if k = 1, ie if the permutation o is trivial. So we
may assume that ¢ is non-trivial, b; is contained T}, and by, in T,. We now only
need to show that by is in 7. Since k # 1, the bigon face Rj_; is mapped into
X (since k is odd) and e,’; connects by to by ). If o(k) =1, then we are done. If
o(k) # 1, then R:(k)—l isin X (since o (k) is odd) and e:(k) connects by (k) to
bgz(k) (recall that the indices here are defined mod (m)). Repeat in this way for finitely
many times until 6" (k) = 1 for some positive integer n (actually n = % —1 is the
number of elements in the orbit minus one). O

Let I denote the reduced graph of I', obtained from I" by amalgamating parallel edges
into a single edge. Then I" is a graph with no 1-edge or 2—edge disk faces. If an edge
e of T represents n parallel edges of I', we say the edge e has weight n.

Lemma 12.8 Let ¢ be an edge of T with weight m. Then no face f of T with df
containing e is a triangle face, ie a 3—edge disk face.
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Proof Suppose otherwise that there is a triangle face fin T’ whose boundary contains
. Note that f is also a face in the graph I". Let v and v’ be the two vertices connected
by e, and ey, ..., e, be the family of parallel edges of I' represented by e.

First we consider the case that v and v’ have different orientations. We may assume
that the labels of the endpoints of the edges e; are given as in Figure 2. Now consider
the two “corners” of the face f at the vertices v and v’, ie the intersection arcs of
the boundary of f with the boundary of the fat vertices. From Figure 2, we see that
the two corners have labels k,k — 1 and m, | respectively. If we follow df in the
clockwise direction, the four labels appear in the order k,k —1,m, 1.

Recall the setting in Lemma 12.1. The punctured solid torus U carried a generator of
the first homology of the punctured lens space Xt and the disk Dy, was a meridian
disk of U. Note that U contains all the 2—-handles H; for i even and that the disk
Dy, intersects each Hj, i even, in a single meridian disk of H;.

If a disk face f’ of I" has n corners and is on the X ¥ side, then it is not hard to see
that (0f”)* is contained in U and intersects Dj/, transversely in n points (all the
intersections occur precisely one each within the corner arcs of df”). In our current
situation, the triangle face f is indeed on the X ¥ side since R,,_; is on the X~ side.
Further, the algebraic intersection number of df* with Dj/, is 1 or —1 because of the
label orders on df together with Lemma 12.7. Now we see that the existence of such
a triangle face f implies that the first homology of X is trivial, contradicting to the
fact that X+ isa punctured non-trivial lens space. This completes the proof for the
case when the vertices v and v have different orientation.

Now we consider the case when v and v’ have the same orientation. Then by Lemma
12.6, we have m = 4. By Lemma 12.3 (2), Lemma 12.4 and Lemma 12.5, we may
assume that four edges form two S —cycles and the labels on the tails and heads of the
four edges are as shown in Figure 3. From the figure, we see directly that b; U b, is
contained in one the tight components of CID;r and b3 U by is contained in the other.
And the labels 2, 3,4, 1 appeared consecutively on df (in clockwise direction). This
would imply, as in the previous case, that the first homology of Xt is trivial, giving
the same contradiction. d

Now we can finish the proof of Proposition 5.4. Suppose otherwise that A(x, 8) > 5.
An Euler characteristic calculation shows that either the reduced graph T on the torus
T has a vertex of valence less than 6 or every vertex of ' has valence 6 and every
face of T is a triangle face. By Lemma 11.15, every edge of I' has weight at most .
So we may assume that T’ has no vertex of valence less than 5.

Suppose that there is a vertex of valency 5 or less. Consideration of Lemma 11.15
yields A =5 and the fact that every edge of I" incident a valence 5 vertex has weight
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Figure 3: A pair of vertices of the same orientation connected by m = 4
parallel edges which form two S —cycles.

exactly equal to m. So it follows from Lemma 12.8 that the graph T in the torus T
has the following properties:

e no disk face has 1 or 2 edges,
e every vertex has valence at least 5,

e no triangle face is incident to a valence 5 vertex.

For a vertex v and face f of T', we write v € df to signify that v is incident to f.
Consider

1 1
X =x)+ v%;(mlency(v) B 5)

By construction, if df has three edges, then valency(v) > 6 for each v € df". Hence
xr <1+ 3(—%) = 0 with equality if and only if f is a triangle face and each of
its vertices has valency 6. On the other hand, if df has at least four edges, then
xr =1 +4(% — %) = —% < 0. Thus since 0 = x(7T') = Zf X » €ach face of [isa
triangle face and vertex has valency 6.

The proof of the following lemma is similar to that of Lemma 12.8.
Lemma 12.9 The graph T' cannot have an edge with weight larger than m — 2.

Proof Suppose otherwise that e is an edge with weight at least m2 — 1. Since every
face of T’ is a triangle face, Lemma 12.8 shows that the weight of e is exactly m — 1.
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Let v and v’ be the two vertices connected by ¢ and let ey, ..., e, be the family of
parallel edges of I represented by e, oriented such that their tails are at v and heads
at v’.

If v and v’ have the same orientation, then we have m = 4 (Lemma 12.6). Since v
has valence 6 while there are 4A(«, ) > 20 endpoints of edges of T" incident to v,
some edge of T incident to v will have weight m = 4, contrary to the conclusion of
Lemma 12.8.

Suppose, then, that v and v’ have different orientations. We may assume that the labels
of the endpoints of the edges e; are given as in Figure 4. By the parity rule, for each
of the edges ey, ..., en—1, the two labels at its endpoints are congruent (mod 2). In
particular, the label £ in Figure 4 is an odd number. Denote by Ry,..., R;—> the
m — 2 bigon faces defined by the m — 1 edges, where R; contains the edges e; and
ej 1. By our convention R; lies on the X side since R’f intersects the annulus B;
which lies on the X~ side (cf Figure 4). So the triangle face f of I which contains
the edge e; (shown in Figure 4) lies on the X T side. It also follows that for each
i=1,...,m—2, R; lies on the X~ —side if i is odd or on the X T side if i is even.

By Corollary 11.18, dDT is a pair of tight components 77 and 7, and contains all
components of dF. We want to show that b; Uby, is contained in one component of CI>;r
and by, U by_; is contained in the other. This is obviously true if £ = 1 since By, is
contained in ET . So suppose that k > 1. As in the proof of Lemma 12.8, by considering
the orbit of the label 1 under the permutation of odd integers {1, 3,5,...,m—1} given
by the m — 1 edges, we see that there is a sequence of odd labels k1 =k, k,, ...k, €
{3.5,...,m—1} and edges e;,,...,e;, €{es.es5,...,e,—_1} suchthatfor 1 < j <n,
the edge ¢;; has tail label k; and head label k; 1, and the edge ¢;, has tail label kj
and head label 1. Since Ri,-—l lies on the X1 side, we see that all e;"j, j=1,...,n,

. J’_ . _
are contained @] . Since these n edges e;"l, ey ei":l connect by = by, bg,, ... by,
and by, we see that by U by is contained in one component of ®7, say 77 . It follows
that by, U by_ is contained in 7, the other component of &1, since the annuli B,

and Bj_; are contained in ET.

From Figure 4, we see that the two corners of f at v and v’ have labels m, 1 and
k,k — 1 respectively in clockwise direction. Now combining with Lemma 12.1, we
see that the first homology of X is trivial, which is a contradiction. O

We call an edge of T positive (respectively negative) if it connects two vertices of the
same orientation (respectively different orientations). We call the endpoint of an edge
at a vertex positive or negative if the edge is positive or negative. We define the weight
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Figure 4: A pair of vertices of different orientations connected by m — 1
parallel edges.

of an endpoint of an edge to be the weight of the edge. The sum of the weights of the
endpoints at any vertex is A(a, B)m.

Lemma 12.10 Let v be a vertex of I'. Then among the six endpoints at v, at most
one is positive.

Proof If there are two positive endpoints at v, then their weight sum is at most m + 4
by Lemma 12.5 and Lemma 12.3. So the rest four endpoints have total weight at least
4m — 4. So at least one endpoint has weight m — 1. This gives a contradiction with
Lemma 12.9. |

Lemma 12.11 There is a vertex of T' with at least two positive endpoints.

Proof The previous lemma implies that the graph T has no loops. Pick any vertex vy
of T and let py, ..., ps be the six endpoints at v in clockwise order. We may assume
that ps, ..., pe are all negative endpoints. Let & be the edge of I with endpoint p;
and observe that they are distinct edges since there are no loops. Let v; be the other
vertex that ¢; is incident to. Then the v; have the same orientation for i =2,...,6.
Now vs # vy since there are no loops, and there is an edge of I' connecting them.
Similarly there is an edge connecting v3 and v4. Note that v3 # vs since otherwise
there is either a non-triangle face of T or v4 has valence less than 6. Thus v4 has at
least two positive endpoints. O
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Proof of Proposition 5.4. The contradiction between Lemma 12.10 and Lemma 12.11
completes the proof that A(«, 8) < 4. If we have equality, then [3, Proposition 8.4] and
Theorem 1.1 imply that M («) is Seifert fibred with base orbifold of the form S2(r, s, 1),
where (r,s,t) is a hyperbolic triple and lcm(r, s, ¢) divides 4. Thus Proposition 5.4

holds. O
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